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Advances of the past decade bring new tools, opportunities

New phases, topological phenomena
Theory

Quantum control: MWs, lasers
Experiment

M. Z. Hasan, SSRL Science Highlight, March 2009 A. Wallra↵. et al., Nature 431, 162 (2004)

Image from http://greiner.physics.harvard.edu

Quantum dynamics, thermalization

M. Serbyn, Z. Papic, and D. Abanin, Phys. Rev. X 5, 041047 (2015).



See for example:

A. Lazarides, A. Das, and R. Moessner, Phys. Rev. Lett. 112, 150401 (2014).

L. D’Alessio, M. Rigol, Phys. Rev. X 4, 041048 (2014).

P. Ponte, A. Chandran, Z. Papic, D. A. Abanin,

Annals of Physics 353, 196 (2015).

Exceptions being explored:

A. Chandran and S. L. Sondhi, arXiv:1506.0883 (2015).
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Crystal momentum

R. Citro et al., Annals of Physics 360, 694 (2015).

A closed, interacting, periodically driven system
generically absorbs energy, tends to high entropy state



Must develop strategies to realize nontrivial behavior

Disorder, localization

Many-body localization + driving:

Tailored coupling to baths
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Examples: pre-thermal Floquet steady states:

(Long) transient dynamics

High frequency driving limit:

H. Dehghani, T. Oka, and A. Mitra, PRB (2015).

T. Iadecola, T. Neupert, and C. Chamon, PRB (2015).

K. Seetharam, C.-E. Bardyn, N. Lindner, MR, and G. Refael, PRX (2015).

E. Canovi, M. Kollar, and M. Eckstein, PRE (2016).

M. Bukov, S. Gopalakrishnan, M. Knap, and E. Demler, PRL (2015).

D. A. Abanin, W. De Roeck, W. W. Ho, PRB (2017).

M. Bukov, L. D’Alessio, A. Polkovnikov, Adv. in Phys. (2015).

P. Ponte, A. Chandran, Z. Papic, D. Abanin, Annals of Phys. (2015).

A. Lazarides, A. Das, and R. Moessner, PRL (2015).

V. Khemani, A. Lazarides, R. Moessner, S. L. Sondhi, PRL (2016).



Energy absorption exponentially suppressed at high frequency
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System prethermalizes with respect to a static, effective Hamiltonian

See, for example:

D. A. Abanin, W. De Roeck, and F. Huveneers, PRL (2015).
<latexit sha1_base64="4zZq2/xX6rpZvHmjgBmBcZSwiLs="></latexit><latexit sha1_base64="4zZq2/xX6rpZvHmjgBmBcZSwiLs="></latexit><latexit sha1_base64="4zZq2/xX6rpZvHmjgBmBcZSwiLs="></latexit><latexit sha1_base64="4zZq2/xX6rpZvHmjgBmBcZSwiLs="></latexit>

M. Bukov, L. D’Alessio, A. Polkovnikov, Adv. in Phys. (2015).
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Periodically-driven systems may host new types of
topological phenomena, with no equilibrium analogues

Micromotion phase transitions
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Examples in 1D (“time crystals”):

Examples in 2D (quantized magnetization, edge transport):

MR, Lindner, Berg, Levin, PRX (2013)
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Po, Fidkowski, Morimoto, Potter, Vishwanath, PRX (2016)
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Else, Bauer, Nayak, PRL (2016)
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Quantized pumping

Lohse et al., Nature Physics (2015)
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Universal chiral quasi-steady states emerge from interactions 
and unique topology of Floquet bands



Quasi-energy is conserved for system with 
discrete time translation symmetry

Eigenvalue invariant under                             : quasi-energy lives on a circle"n ! "n + 2⇡N/T

U(T )| n i = e�i"nT | n i

U(T ) = T e�i
R T
0 H(t)dt

| �(0) �

· · ·
U(T ) U(T ) U(T )

| (T ) i | (2T ) i

H(t+ T ) = H(t)



New types of topological bands possible in driven systems
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Normal band structure: cylinder Quasi-band structure: torus



Quasi-energy winding related to quantized adiabatic transport

Average group velocity quantized

v̄g =
d"k
dk

= a/T
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Crystal momentum, k ⇡
a�⇡

a

� ⇡
T

⇡
T

U(T )| (k) i = e�i"kT | (k) i

a

V (x + a) = V (x)

T. Kitagawa, E. Berg, MR, and E. A. Demler,Phys. Rev. B 82, 235114 (2010).

Average current:

particle density: ⇢ = 1/a

I = ⇢ v̄g = 1/T



Current carried by partially-filled band can be anything
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Restricted infinite-temperature-like state within a band
yields uniform averages, restores universality

(current) = (1/T ) ⇥ (density)

Universal quantized pumping coefficient!*
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Restricted heating of low energy degrees of freedom reveals 
universal (topological) features of low-energy sector

low-E

high-E



Must suppress both direct and photon-assisted processes
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W/Egap ⌧ 1

Direct scattering

Crystal momentum



Must suppress both direct and photon-assisted processes
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Small bandwidth Single-particle adiabaticity

W/Egap ⌧ 1 ~!/Egap ⌧ 1

Direct scattering Photon-assisted scattering

Crystal momentum Crystal momentum



High-order perturbation theory predicts exponential
suppression of scattering in       !1/!

Floquet harmonic, m

Virtual statesRR

RR RL

RL

Floquet harmonic, m
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,⌫
|2

|'
(m

)
2
P
⇠
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Born approximation

Nmin-order scattering

Rigorous bound on decay rate obtained via rotating frame, Lieb Robinson bounds 
T. Gulden, E. Berg, MR, N. H. Lindner (to appear)
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Study dynamics in system with winding Floquet bands,
nearest neighbor interactions

Crystal momentum, k
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Two timescales emerge for intraband equilibration
and interband scattering (decay of current)

J 0(t) J 0(t)J 0(t) J(t) J(t)

V (t) �V (t) �V (t)V (t)

J(t) = J0 + J1 cos!t J 0
(t)= J0 � J1 cos!t V (t) = V1 sin!t

J1 = 2
3J0

V1 = 2J0

! = 1
3J0

Numerics: 8 fermionic particles, 32 sites (16 unit cells)



Populations rapidly converge to quasi-steady distribution
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High-order perturbation theory predicts exponential
suppression of scattering in       !1/!
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Disorder improves current quantization for finite system size
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Prethermalization due to slow driving can lead to new regimes of 
universal dynamics

Universality of quasi-steady behavior apparently persists even when 
intraband scattering is fast compared with driving frequency

Questions to study: What sets fidelity of quantization? How does 
chirality/nontrivial topology affect thermalization/many-body chaos? 
Generalizations to other dimensions/phenomena…

Summary and open questions

Support for this work provided by:

Contact: rudner@nbi.dk

For details see: N. Lindner, E. Berg, and MR, PRX 7, 011018 (2017)
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“Natural orbital” occupation converges to uniform distribution 
with system size; disorder smoothens fluctuations
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0.2
<latexit sha1_base64="LwvrIy285rDIFvAMZSar+nzjsDA="></latexit><latexit sha1_base64="LwvrIy285rDIFvAMZSar+nzjsDA="></latexit><latexit sha1_base64="LwvrIy285rDIFvAMZSar+nzjsDA="></latexit><latexit sha1_base64="LwvrIy285rDIFvAMZSar+nzjsDA="></latexit>

0
<latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit><latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit><latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit><latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit>

0
<latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit><latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit><latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit><latexit sha1_base64="WbgNCGJZok85OBpwnLAj9g5roM4="></latexit>

10
<latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit><latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit><latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit><latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit>

20
<latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit><latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit><latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit><latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit>

30
<latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit><latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit><latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit><latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit> 40

<latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit><latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit><latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit><latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit>

Time (driving periods)

<latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit><latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit><latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit><latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit>

10
<latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit><latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit><latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit><latexit sha1_base64="pnMxodMbLXZyo1s5eJ0M39rM0Ak="></latexit>

20
<latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit><latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit><latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit><latexit sha1_base64="EirZmVp5x7m+1OKEBNwgw40gLac="></latexit>

30
<latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit><latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit><latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit><latexit sha1_base64="/WzxmO+Nu3lTMmXi9a3/NkLBZrw="></latexit> 40

<latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit><latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit><latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit><latexit sha1_base64="G31sRu5jsqYfUq11/6MJgUYP684="></latexit>

Time (driving periods)

<latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit><latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit><latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit><latexit sha1_base64="4jnZ87egFYX/j1xROdctNsIhslI="></latexit>

1/N
<latexit sha1_base64="o7Ivmwi8paJ+3ICeHQ1OyiYz4XQ="></latexit><latexit sha1_base64="o7Ivmwi8paJ+3ICeHQ1OyiYz4XQ="></latexit><latexit sha1_base64="o7Ivmwi8paJ+3ICeHQ1OyiYz4XQ="></latexit><latexit sha1_base64="o7Ivmwi8paJ+3ICeHQ1OyiYz4XQ="></latexit>

0
<latexit sha1_base64="5EqCW+lrayMT04xqzvSDhj6sDGQ="></latexit><latexit sha1_base64="WRevC96pSjtSjgDMbu4qtipx0CM="></latexit><latexit sha1_base64="WRevC96pSjtSjgDMbu4qtipx0CM="></latexit><latexit sha1_base64="F5QFOV0+fxC4oHDS5T2IrAEyobU="></latexit>

0.2
<latexit sha1_base64="H6L0lad9kw2zkB0r7dBVTqt55CA="></latexit><latexit sha1_base64="Mpv+BAEvJOwims+yfjXDHdPMWKU="></latexit><latexit sha1_base64="Mpv+BAEvJOwims+yfjXDHdPMWKU="></latexit><latexit sha1_base64="5e1PIabJf+4LWES7yP9B0sQnAjQ="></latexit>

0
<latexit sha1_base64="5EqCW+lrayMT04xqzvSDhj6sDGQ="></latexit><latexit sha1_base64="WRevC96pSjtSjgDMbu4qtipx0CM="></latexit><latexit sha1_base64="WRevC96pSjtSjgDMbu4qtipx0CM="></latexit><latexit sha1_base64="F5QFOV0+fxC4oHDS5T2IrAEyobU="></latexit>

0.01
<latexit sha1_base64="Sug1eQFVl1EKZIF0pIhylpDD2L8="></latexit><latexit sha1_base64="33sMMPPgYhFQiYATuOWxDJOpI1I="></latexit><latexit sha1_base64="33sMMPPgYhFQiYATuOWxDJOpI1I="></latexit><latexit sha1_base64="17A2tvlJXeefGpkJsu7+zFB7Fy4="></latexit> 0.02

<latexit sha1_base64="qCyWl+yOrzRp1Hz0qRNy8DzxBcg="></latexit><latexit sha1_base64="OToFk3MZ2Kc6TstAgWeg5JsAPgs="></latexit><latexit sha1_base64="OToFk3MZ2Kc6TstAgWeg5JsAPgs="></latexit><latexit sha1_base64="2/0KKrgEiXOLRAWlwRqrnMwEGZk="></latexit>

0.03
<latexit sha1_base64="aPYAKpP8aGzSyKQvc2LjOZeGn3k="></latexit><latexit sha1_base64="6n5ns6Hoj3NLfyvNAsXpLQANHYo="></latexit><latexit sha1_base64="6n5ns6Hoj3NLfyvNAsXpLQANHYo="></latexit><latexit sha1_base64="Wtr9dy1oo182Z4V2UQb7d2vNziI="></latexit>

0.04
<latexit sha1_base64="+TylY71P8BPobXvjnXkEocL5+bo="></latexit><latexit sha1_base64="x1UWSYHK54pnIzn1guiMHGHP6Nk="></latexit><latexit sha1_base64="x1UWSYHK54pnIzn1guiMHGHP6Nk="></latexit><latexit sha1_base64="oEV0KQsiIZybNJWqEzsKy7UEiV8="></latexit>

�
n
.o
.

<latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit><latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit><latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit><latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit>

0.1
<latexit sha1_base64="O/+dk3x93+Xz8XDQf27Tjx7LMsg="></latexit><latexit sha1_base64="2ByQ7j6ASWLB2LitAMo9bjesMX4="></latexit><latexit sha1_base64="2ByQ7j6ASWLB2LitAMo9bjesMX4="></latexit><latexit sha1_base64="oh7T69rRmRGRY1OfEF2qr+PDUXY="></latexit>

⌘ = 0
<latexit sha1_base64="clBls1/d5mhH4ALK007TpDP8iMU="></latexit><latexit sha1_base64="clBls1/d5mhH4ALK007TpDP8iMU="></latexit><latexit sha1_base64="clBls1/d5mhH4ALK007TpDP8iMU="></latexit><latexit sha1_base64="clBls1/d5mhH4ALK007TpDP8iMU="></latexit>

⌘ = 0.1 J0
<latexit sha1_base64="elFeGuFAcLFOuHqsHRRFc0qTiY8="></latexit><latexit sha1_base64="elFeGuFAcLFOuHqsHRRFc0qTiY8="></latexit><latexit sha1_base64="elFeGuFAcLFOuHqsHRRFc0qTiY8="></latexit><latexit sha1_base64="elFeGuFAcLFOuHqsHRRFc0qTiY8="></latexit>

�
n.o.

<latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit><latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit><latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit><latexit sha1_base64="723VnoqZRDzsDQBskd+2k+j92Ec="></latexit>
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<latexit sha1_base64="Usija7GFdWwccp7o2KnkZncj5yo="></latexit><latexit sha1_base64="Usija7GFdWwccp7o2KnkZncj5yo="></latexit><latexit sha1_base64="Usija7GFdWwccp7o2KnkZncj5yo="></latexit><latexit sha1_base64="Usija7GFdWwccp7o2KnkZncj5yo="></latexit>

R. Gawatz (in progress)

<latexit sha1_base64="14Nvq9cxWxqpjn1kFMuvetF6j98="></latexit><latexit sha1_base64="14Nvq9cxWxqpjn1kFMuvetF6j98="></latexit><latexit sha1_base64="14Nvq9cxWxqpjn1kFMuvetF6j98="></latexit><latexit sha1_base64="14Nvq9cxWxqpjn1kFMuvetF6j98="></latexit>


