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Boltzmann-Gibbs probability distribution of energy

Collisions between atoms Conservation of energy:

€ /V g'=¢ +A¢ g +E =8 +Ey
Detailed balance:
& /1 e/ =g~ A P(e)) P(e,) = P(e,) P(E,)

Boltzmann-Gibbs probability distribution P(g) [1 exp(-¢/T) of energy &,
where T = (¢) is temperature.

Boltzmann-Gibbs distribution maximizes entropy S = -, P(€) InP(g) under
the constraint of conservation law X, P(g) € = const.

Economic transactions between agents  Conservation of money:
m;+m, =m,+m,’

m, /Y m,"=m, +Am
Detailed balance:

m, A\ my=m,-Am  P(m,) P(m,) = P(m,) P(m,)

Boltzmann-Gibbs probability distribution P(m) [ exp(-m/T) of money m,
where T = (m) is the money temperature.
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Computer simulation of money redistribution
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Probability distribution of individual income
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Probability distribution of individual income
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Income distribution in the USA, 1997

United States, |IRS data for 1997
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Income distribution in the USA, 1983-2001

Adjusted gross income in 2001 dollars, k$
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Income distribution in the USA, 1983-2001

Adjusted gross income in 2001 dollars, k$
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Time evolution of the tail parameters
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Time evolution of income temperature
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Diffusion model for income kinetics

Suppose income changes by small amounts Ar over time At.
Then P(r,t) satisfies the Fokker-Planck equation for O<r<co:

2
a—P:i(Ami(BP)j, A:—<£>, B= () :
ot or or At 2/t

—AP.

For a stationary distribution, 9P = 0 and :( BP)
I

For the lower class, Ar are independent of r — additive diffusion, so A and B are
constants. Then, P(r) O exp(-r/T), where T = B/A, — an exponential distribution.

For the upper class, Ar O r — multiplicative diffusion, so A = ar and B = br2.
Then, P(r) O 1/r**1, where a = 1+a/b, — a power-law distribution.

For the upper class, income does change in percentages, as shown by
Fujiwara, Souma, Aoyama, Kaizoji, and Aoki (2003) for the tax data in Japan.
For the lower class, the data is not known yet.
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Lorenz curves and income inequality

Lorenz curve (0<r<co):
US, IRS data for 1983 and 2000
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Victor Yakovenko Statistical Mechanics of Money, Income, and Wealth 12

Dr. Victor Y akovenko, University of Maryland (KITP Colloquium 6/02/04)



Statistical Mechanics of Money, Income, and Wealth

Income distribution for two-earner families

United States, Bureau of Census data for 1938
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The average family income is 2T. The most probable family income is T.
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No correlation in the incomes of spouses

PSID data for families, 1999
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Lorenz curve and Gini coefficient for families

LUnited States, Bureau of Census data for 1947-1994

Lorenz curve is calculated
for families P,(r)dr exp(-r/T).
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G=3/8=37.5%
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World distribution of Gini coefficient

The data from the World Bank (B. Milanovi¢)
World distribution of Gini index, 1988 and 1933
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All states of the USA, IRS data for 1998
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Deviations of the state income temperatures
from the average US temperature

CT NJ MA | MD | VA CA NY IL (6{0)]
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United Kingdom, IR data for 1994-1998
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which makes possible to construct a thermal machine:

Money (energy)
Low T,, < High T,,
developing T,<T, developed
countries >»| countries
Products

Thermal machine in the world economy

In general, different countries have different temperatures T,

Prices are commensurate with the income temperature T (the average
income) in a country.

Products can be manufactured in a low-temperature country at a low
price T, and sold to a high-temperature country at a high price T,.

The temperature difference T,—T, is the profit of an intermediary.

Money (energy) flows from high T, to low T, (the 2" law of
thermodynamics — entropy always increases) < Trade deficit

In full equilibrium, T,=T, = No profit « “Thermal death” of economy

Victor Yakovenko
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Conclusions

= An analogy in conservation laws between energy in physics and money in
economics results in the exponential (“thermal”) Boltzmann-Gibbs
probability distribution of money and income P(r)Cexp(-r/T) for individuals
and P(r)dr exp(-r/T) for two-earner families.

= The tax and census data reveal a two-class structure of the income
distribution in the USA: the exponential (“thermal”) law for the great
majority (97-99%) of population and the Pareto (“superthermal”) power
law for the top 1-3% of population.

= The exponential part of the distribution is very stable and does not change
in time, except for slow increase of temperature T (the average income).
The Pareto tail is not universal and was increasing significantly for the last
20 years with the stock market, until its crash in 2000.

= Stability of the exponential distribution is the consequence of entropy
maximization. This results in the concept of equilibrium inequality in
society: the Gini coefficient G=1/2 for individuals and G=3/8 for families.
These numbers agree well with the data for developed capitalist countries.
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Money, Wealth, and Income

Wealth = Money + Property (Material Wealth)
Material Wealth = Price x Goods

Money is conserved

Material Wealth is not conserved.

d(Money) / dt = Income - Spending

Victor Yakovenko Statistical Mechanics of Money, Income, and Wealth 22

Dr. Victor Y akovenko, University of Maryland (KITP Colloquium 6/02/04)



Statistical Mechanics of Money, Income, and Wealth

Wealth distribution in the United Kingdom

United Kingdom, IR data for 1996
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Boltzmann-Gibbs versus Pareto distribution

Ludwig Boltzmann (1844-1906) Vilfredo Pareto (1848-1923)

Boltzmann-Gibbs probability distribution ~ Pareto probability distribution
P(e)Uexp(-¢/T), where ¢ is energy, and P(r)d1/r*1) of income r.
T=(¢) is temperature.

Analogy: energy € « money m = P(m)Uexp(-m/T)
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