Remarks on Complex Sachdev
Ye Kitaev model

Grisha Tarnopolsky
Harvard University

Order from Chaos

KITP, Santa Barbara
December 13, 2018



Yingfei Gu Subir Sachdev
Harvard Harvard

Talk based on work in progress with
Yingfei Gu and Subir Sachdev



Plan

Complex SYK model
Two-point function
Four-point function

Correction to h=1 mode of the four-point
function



Complex SYK model

. . 1
e Hamiltonian H = IN1I2 Z Jij;klc c CL.C] — ,UJZCTC@ S. Sachdev’15
( ) iujakal:l
t 5 5 " R.Davison, W.Fu, A.Georges,
{Ciacj} = 51’]’ <‘Jij,kl‘ )y =J Jij,kl — Jkl,ij Y.Gu, K.Jensen, S.Sachdev 17

« Complex SYK model has the Tensor model counterpart
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Complex SYK model

. . 1 . .
* Replica trick log Z = limn_mﬁ(Z” — 1) and average over disorder give

¥ G effective action
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—% = logdet(& o E) — /dTldTg <E<T1,7'2>G(7'1,7'2) — J?G(Tl,Tg)q)

* One obtains Schwinger-Dyson equations
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« Here we set the chemical potential to zero . =0

G(t) = —-G(-7)
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Two-point function

 In the case of zero chemical potential two-point function is as in SYK model
Plot of G(0) for ¢ = 4 and 8J = 207
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Four-point function

e I/N term in the four-point function is given by ladder diagrams
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* Each new rung in the ladder is generated by Kernel
K(71,72;73,T4) = —J2(gG(7'13)G(7'24)G(7'34)q_2—(g—1)G(7'14)G(7'23)G(7'34>q_2)
* We can decompose the four-point function on symmetric and antisymmetric parts
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Spectrum of Conformal Kernels

» Kernels act on symmetric and antisymmetric functions correspondingly
K® = —J?G(113)G(724) G(734) 1> KA = —J%(q = 1)G(113)G(724) G(734) >
» There is a Casimir operator, which commutes with conformal kernels

[K2.C]=[K2,C1=0 G(0) = Ge(0) = (pa(0)va(0))
« Eigenfunctions of the Casimir
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* They are eigenfunctions of the conformal kernels
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Back to Four-point function

Using the basis of eigenfunctions we can write for the four-point function

b 1 ra Ifo <‘If‘;§‘\f64> A

Old problem: »=2 mode: ¢4(h=2) =1 and we get singularity

New problem: =1 mode: r¥(h=1)=1 and we get singularity

Resolution: we should not use conformal kernel, but consider correction

K4S = —12(3 £ (4 = 1) Gl0:2)G (020G 00)"

G(Q) — Gc((g) + oG 6G(912) = g—f;/(; i d90<”¢A(91)wA(92)Oh:_1(60)>

« Corrected Kernels have corrected eigenvalues. So we expect roughly

kA:l_OéKA+ kSZI—aKS
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where dots denote higher ordersin 1/ when BJ —



Correction to h=1 and h=2 modes

Corrected Kernels don’t commute with Casimir anymore

KAS = —J2(g + (% _ 1))G(913)G(924)G(034)q_2 G(0) — G.(0) + 6G

(K4, C #0
so h is not a good quantum number now. But we still have shift operator
D = 0y, + O, (K45, D] =0

which commutes with the corrected Kernels
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Eigenfunctions of p =19, +9,, are ¥235(0,,05) =" 2 pAS (9),)
and labeled by integer number »

In conformal case » =2 and h =1 eigenvalues were degenerate in »
but correction lifts this degeneracy, so the answer we expect is
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Large q for Antisymmetric Kernel

J

q—1
2732

fixed. The Green’s function i1s

* Wetake ¢— o butkeep J =4
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* Now consider symmetric version of antisymmetric kernel " o

G(r) = %Sgn(T) (1 + ég(f) T, ) e9(T) —

where for large 57 onefinds v=1- 2 -

q—2

KA(01,0205,04) = —(q — 1)J2|G(012)] = G(013) G (024)|G(030)| T
. . . . . . 92 94
* Inthe limit ¢ — oo 1t takes the form, which is now independent on ¢ !
1

K(f:oo(ela 02;03,04) = —§j26%9(912)sgn(913)sgn(924)%9(934)

* FEigenvalues and eigenvectors now depend only on g7
/ d‘93d04j{(;1:oo ((91, 92; @3, 04)\11(93, (94) = kj;‘:OO\IJ(Hl, 92)
* Itis possible to find correction to the » =2 mode
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Large g doesn’t work for Symmetric Kernel

* Now consider symmetric version of symmetric kernel

0 03
K5(01,02;05,04) = —J?|G(012)] T G(013)G(024)|G (034)| =
doesn’t have prefactor (¢ — 1) " "
 Inthe limit ¢ — oo it takes the form
- 1 1 1
quzoo(t%, 62;03,04) = —2—j2e59(912)sgn(913)sgn(«924)59(034)
q
~N
*  We find for the eigenvalues
S S S 1
/d93d94Kq:oo(917 02; (93, 94)\11((93, 94) = l{:q:oo\I!(Ql, 92) kq:oo X 5

 Large g7 andlarge ¢ limits don’t commute
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Direct approach to h=1 eigenvalues

J.Maldacena, D.Stanford ‘16

Consider correction as a perturbation of conformal kernel 5G
SKS = —J%G(012)] "% G(013)G(024) |G (054)| " — KE (01,6023 05, 04) s 4
7 7
« G(9> S GO +0G & GO) = Gl0) N
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0) = = 92—
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First order perturbation theory for energy levels (w.f. are unperturbed
harmonics of Casimir eigenfunctions)
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It 1s easy to compute rung correction and get divergence!
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La rg e n I i m it J.Maldacena, D.Stanford ‘16

* Consider eigenfunctions in h=1 sector. They have oscillating terms

1 . 01+09 Sinm
n—

Uy (01,05 = — 2
10 (01, 62) 2[n[1/2° y sin %1z

with frequency n .

* Ifwe take the limit » — +oc we expect everything dominated by small angles

0.5 \
0.25F 1
RS

0 1
0 1/8J m o

0

e To utilize this idea let us redefine circle variable to 9 = =—— and
take limit » — +oc butkeep p=mn ,then we find

+ 2 +o0
0= r / do — —/ dr
n —1TT n — 00



Large n limit

 Wave function, kernel and correction at the limit » — +oc take the form

—int% . nbiy 1/2

e 2 sin n . Sin 719
Uy ,(01,0 2y emdmAT) 2 2
1n(01,02) = 27T|n|1/2 sin 912 21 © T12 \
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ag (2_7T—|9\>_> ag ™

BT\ ) T BT

fol®) = BT I7]

* Integrals transform from complicated expressions to a simple power law form

5k§ung (q - 2)/ \I]T,n((glvHQ)K‘cS(Hl)027‘93704)]00(012)\1’1,7%(93794)

.....

* In large n limit these horrible integrals reduce to quite simple expressions

5Ky qg—2 ag e (m2=73774) gin (15 )sgn(T13)sgn (a4 ) sin(734)
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linear in n as expected



Computation of integrals

* Consider for example the rung integral

555 qg—2 oag e (T2 —T3—T4) sin(7y)sgn(713)sgn(7oy) sin(7s4)
—n
T ol = 1) BT oy g 72|28 73[22 | 724[ 22 734224

 Take Fourier transform of all 4 terms

wr) g [l ensm)
7l fa 9 ¢ w[i—e Ja =21 cos(7)P(1 —a)

* Integrate out all + and get sum of integrals like

/ dw 1 / dw sgn(w)sgn(w + 1)

27 |w||w + 1]° 21 |w|¥|w + 1|8

* For some powers of o and 3 these integrals are divergent as I'(0)
so we need regularization

» The simplest naive way to regularize these integrals is to shift a power in /o

0G(0) _ ag T — |0 _ag 7
@ ~ 10 = =350+ i) > T

tan L9l
2 . .
Regularization



Results

Using regularization and taking the limit ¢ — 0 we find

2(g — 2
(5k§ung = nﬁo? ( l9=2) + rung finite part)
€
A
2 -2
nog q— ) )
okS . = —( — -+ rail finite art)
rail Bj e P

Divergencies exactly cancel! There i1s no log(5J) term!

*  We finally find

ES5(1,n) =1+ 0k5,  + 0k . = 1—04KsM

rung rail Bj
A
2
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Unfortunately this 1s a wrong answer!



Numerics for Kernel eigenvalues

e Consider symmetric or antisymmetric kernel made of exact numerical G(9)

0.5

RA5(01,0530,00) = — (34 (5 =1)) 2|G(012)| T G(013)G(020)| G (0s0)| '
G(0)
* The kernel commutes with operator D = 95, + 9, 7 2
(K45, D] =0

* Look for eigenfunctions of the kernel, which are eigfunctions of D

01 + 02
2

. 6146
w}if(%, 02) = ™5 ¢??,’f(912) Y= r = 012

* Projecting on a given sector n we obtain a simple formula for the kernel
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RAS(z,2') = —SW(Q + (- 1))J2\G(x')yq—52|c;(a/)\% x

2 2
T x—a x—x x+ x+a
x/ dy cos(ny) (G<y+ 5 )Gy - —5— FGly+ —5)Gl - — )))
: 0 Lo
* Find eigenvalues of £10° grid points
discretized matrix K45 (z,2") = l
' J.Maldacena, D.Stanford '16
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Numerics for Antisymmetric Kernel

Plot for k4(2,n) for n = 2 and different ¢

R k4(2,n) =1+ i @) gosin| | 14k (2) (anw)Q +
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Sanity checks for Symmetric Kernel

x107°
o . .
Difference between kg eigenvalues (¢ = 4)
]t for different number of grid points
Aks 6
4 -
2 i L] °
0 I I I I & 4
2 4 6 8 10 %10

grid points

Numerics for conformal kernel
T T
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0.8 " e Numerics |
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K5(04,04;03,0,) =

Numerical solution for symmetric h = 1 eigenfunctions
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Numerics for Symmetric Kernel

Guess

dk2(2) q(q — 1)ag|n|

N

. Plot for k°(1,n) for n = 1 and different ¢
T T T T . R
e e s _
q — 3 - /‘,4”( k (1, n) — ]. dh
0.96 o e
v *  Wrong result
.// /.,/ q= 4 . N . |
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15}
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Thank you for your attention!



