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TIME-DEPENDENT SYSTEMS |

Example: atom in laser field
‘
N —
Ho = T+ W+ a - 22 E r;-cos ot

j=1 I

Weak laser (Vo (1) <<vg):

Calculate 1.Linear density response p4(rt)
2. Dynamical polarizability

a(w) = - E J 20, (F.0 )dr

3. Photo-absor ption cross section

o(0) = -4“7‘”|ma

Strong laser (Vo (1) > Vg, :

Aim: “Replace” full TDSE by TDK S scheme



Topics (linear -response regime) |

e EXcitation spectra of atomsand
molecules

o Optical spectra of semiconductors

e Dichroism in superconductors



The peak-power of pulsed lasers has increased by 12 orders of
magnitude during the past 4 decades:
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"Strong Laser-Field": Intensities in the Range
of 10%°. .. ].D”'Wfr.m? Comparison: Electric field on 1st
Bohr-Orbit in Hydrogen
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E = —— =5.1x10/m
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At the same time: very short pulses possible:
= 65fs(1fs =10""%)
~ 2...4 optical cycles in the visible region



Multiphoton-lonization (He)
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Momentum Distribution
of the He?* recoil ions
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Il. Electrons: Above-Threshold-lonisation (ATI)

Agostini et al. Phys, Rev. Lett 42 1127 (1579)

lonized electrons absorb more photons then nececessary:

Photoelectrons: Ey, = (n+s)lhw — Ip

Important: During the absorpion of the
excess photons, the freed electron still
feels the influence of the parent ion
(conservation of momentum)

Measured energy spectra of photo-
electrons (Yergeau 1986); Equidistant
maxima in intervals of fiw

Ip




I1l. Photons: High-Harmonic Generation

L'Huillier et al., J. Phys. B 21, L31 {1988)
MecPherson et al. J. Opt Soc. Am. B 4, 595 [1987)

High intensities: atomic response (time-dependent dipole-moment)
is highly nonlinear

(TN

=+ Photoemission-spectra with charac- hiw

teristic peaks at (odd) multiples of the hi Hhw

frequency of the driving fied. ,
b

P

Typically nonlinear effect: Over a wide frequency range, the
peak-intensities are almost constant [Plateau):

Intensity
logys (101

Harmonie Order

Allows generation of pulsed and coherent Radiation in the XUV
c.f. weak X-ray regime with Table-Top laboratory systems.

Record: A = 2.5 nm (0.5 keV) "water-window"

Schnirer et al., PRL 80, 3236 (1998)



H,* in 1D
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conseguence: ionization-induced Coulomb explosion




Hamiltonian for the complete system of

N electrons with coordinates(r, - ry)=r and
N, nuclel with coordinates (R, - Ry,) =R,
massesM, -+ My and chargesZ, - Zy .

WlthT_%_RI2n T_O_Nzi
VR «=d "7
s 19 Z.Z, s 18 1
Wnn_ir%’lR —R ee_jaknlr_rl
me m n jikJ k
A~ e 7
Uen:aa_
Fl n=l |1”j'Rn

Time-dependent Schrodinger equation
Y (0RO = (HE B + Vi (L RO (0 RY




1D MODEL

- Restrict motion of electrons and nuclea to
1D (along polarization axis of laser)

- Replacein H(r, R) all 3D coulomb
Interactions by soft 1D interactions
(Eberly et al)

| |
‘/Xz +y2+22 > ‘/az_l_zz

a = constant




Two goals of 1D calculations

1. Qualitative under standing of physical
processes, such as doubleionization
of He

2. Exact referenceto test approximate xc
functionals of time-dependent density
functional theory



M. Len, E.K.U. G, V. Engd, PRL 85, 4707 (2000)

1.3x10'%
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W (p1,p2)]? 16 fs after end of pulse



M. Len, E.K.U. G, V. Engd, PRL 85, 4707 (2000)
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M. Len, E.K.U. G, V. Engd, PRL 85, 4707 (2000)
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M. Len, E.K.U.G.,, V. Engd, J. Phys. B 33, 433 (2000)
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M. Len, E.K.U.G.,, V. Engd, J. Phys. B 33, 433 (2000)
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. 23406 (2001)
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differential probability
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Even-har monic generation due to beyond-
Born-Oppenheimer dynamics

e even harmonic generation is parity forbiden

2m
not allowed

e regard oriented H,, D,

e symmetry breaking for HD, not for H,



HHG Spectrum
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(@) Harmonic spectrum generated from the model HD molecule
driven by alaser with peak intensity 104 W/cm? and wavelength 770
nm. The plotted quantity is proportional to the number of emitted
phonons. (b) Same as panel (a) for the model H, molecule.

T.Kreibich, M. Lein, V. Engel, E. K. U. G., PRL 87, 103901 (2001)



Time-dependent density-functional formalism

E. Runge, E.K.U.G,, Phys. Rev. Lett. 52, 997 (1984)

HK theorem: v(rt) i» o(r t)

The time-dependent density determines
uniquely the time-dependent external
potential and hence all physical observables

K Stheorem:

The time-dependent density of the interacting
system of interest can be calculated asdensity

p(rt) = _1@1(”)‘

of an auxiliary non-interacting (KS) system

indj () =5 BNy Jr)m)d) ()

with thelocal potential

vislr (£ O)](rt)= v (r)+ f r%r—rt% + v p(r )l )




proof (basic idea).

to be shown that >_ Isimpossible

e. virt)=v(t)+clt) = prt)=p(rt)
v(ft) — j(t) — p(F 1)

V(Ft) —— JY(Ft) — o'(r t)

use | ia,j(rt) ¢ H A(D]‘q)(t)\

equation of motion for j

and 1111—2 = - divj (¥t) continuity equation
J] Jj ’r r
to show that — 1 2| and 'IT_2 1 >
t=t, ot t=t, it to it to
p/g)
. . P’ (t)
= p and p’ will become different
from each other infinitesimally
later that t, o(t)
: >




Simplest possible approximation for v, [p](Tt)

Adiabatic Local Density Approximation (ALDA)

ALDA( — . hom
Ve (r t) " xc stat(n)
n=p(rt)
hom : :
Vicgat = XCpotential of static homogeneous
e-gas

Approximation with correct asymptotic -1lr

behavior: time-dependent optimized effective
potential

C. A. Ullrich, U. Gossmann, E.K.U.G., PRL 74, 872
(1995)




Time-dependent DFT in thelinear
responseregime and excited states

Fortimes t <t;,:

System in ground state of Vg (1)
Density isthe ground-state density pg (r)

For times t >t,:
Total external potential: v (rt)=vy(r)+v,(rt)
(with vy (r ty) = 0)
density: p (r t) = po (r) + 0p(r t)

op(r t) = pTl(r D+prt)+psrt)+ -

linear  second order . .. density responseto
the perturbation v,




Standard Response Equation

r,(rt) :J dt§d3rqix(r t,r’t’}) Vl(r¢t(9

full response function of theinteracting
(inhomogeneous) system

—> very hard to calculate

KS- Alternative

T r,(rt) :Jdtfd%q‘ecs(r t,l”t’j)Vs(l)(I’q:t(B
Y

response function of the poninteracting

self-consistent (KS) system

l —> relatively easy to calculate
vo(rt) = vi(rt) + v (rt) +vI(re)

= v,(rt) +jd3rqév(r,r(9r (9 + ﬁt¢ﬁ3r¢fxc(r trty (r€9

f(rtrt) isthe 1%-order termin afunctional

Taylor expansion of v, [r](r t) around r y(r):

(r(re)-ro(r))

r=r,

_ gz DVl )
Vidr1(r ) = v, [rol(rt) "'Jdt J\d3r ar(re)

Note: This isan exact representation of thelinear density response



Standard linear response formalism

H(t,) = full static Hamiltonian at t,

H(t,)Jm})=E,|m} < exact many-body
eigenfunctions and
energies of system

full response function

. o w0|6(r)|m\ /rdé(rl)ld
" = ¢\ [\ i
X(r,r,(D) ng@mam (D-(Em'Eo)+iY]
A{olp () [m) {m § (r) | 0)°
o+(E,- B)+in 5

= The exact linear density response

N
P1 (w) =% (w) vy (w)
has poles at the exact excitation energies
Q — Em = EO

goal: Usethe TDDFT representation of
p1(w) to calculate the excitation

energies Q=E_ -E,



Single-pole approximation

Expand all quantities about one KS pole (ej0 - eko)

+ higher-order terms

Pl W= (ejo ) eko) Tk
Ko 01 (0 500 0 () 1,005

N
o1 g
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Quantumdefects in Helium
3P Series

0.10 | Yoo .

&—=8 Bare KS
By oxact

==ty X=-ALDA

V-=% xc-ALDA (VWN
—0 x-TDOEP

0.00




Three approximations necessary

a) approximation for v, to calculate {;}, {¢;}
b) approximation for f, .

C) single-pole approximation (truncation of
L aurent expansion)

Which oneis most important? Toinvestigate use

(a): exact v, (from Umrigar) for He and compare

1 — 1 d2 om
(b) ° fX?LDA(r,r,W)— c(r-r)@(nezc )r(r)
3T a0 )]
A, | slr) (1
° TDOEP x- only ' _ k
beae Tt W)= s S S L )
(c): e« Single-pole approximation

Mjoko
W- (ejo- q<0)+ih
Multiple-pole approximation
J,K
M,

s »ja,; w- (- g)+ih

CKS »




Comparison of the excitation energies of neutral
helium, calculated from the exact xc potential by using

approximate xc kernels. All values are in Hartrees.
___ALDA (xc) TE_-ﬁ_E_-P_{x*nnlﬂ
Etn!t:n k=+3§ QAwxs SPA  [ll® s% full® exact®
9, 0.7357 0.7351 0. 0.7207  0.7285
gig le—+2s OT60 oo 07678 0.7687 0.7659  0.7578

3

s ls—4s 08688 56714 08719 08710 08713  0.8701
T i e o oa e T b
pg 1#t7s 089 5943 08035 0.8032 08934 0,891
gg Trehe ome CORL OIS DN Gaws sane
5w oo S50 0 L 86 R
ap - 0T OT (T Orase 07844 0770
|

iy Mo OMU ol o oo oan o
4P le—+dp OBT22 oora6 08726 0.8732 08733  0.8727
SF ity o OS5 0BG oNal oy s
G 17 OMS oum wum ot Oiml o
B L o g bun e b oo
gip #8089 ge050 0.8950 08960 0.8060  0.8950
::; 1s—+0p 08975 08975 08975 0.8974 0.8075 0.8975

0.8976 0.8076 0.8976 0.8076 0.8976

‘Uuin; the lnml 34 unn:cupled nrhiu]u of s a.nd ] nymmel.rjr, rupmlﬂly
bNonrelativistic variational calculation [38],
“Mean value of the absolute deviations from the exact values.
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Figure 3.3: Errora of singlet excitation energies from the ground state of Be, calenlated from
the accurate, the OEP-SIC and x-only KLI exchange correlation potential and with different
approximations for tha exchange-correlation kernel (see text). The errors are given in mHartrees.
To puide the eye, the errors of the discrete excitation ensrgies were conmected with lines,
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TABLE IX. Companson of energy gaps between occupied and
ermpty states with expeniment. All energies m eV,

LDA  GW-LDA EXX GW-EXX Expenment

Si
k. 0.5l 1.14 1.43 1.54 A7
¥ 255 3213 32 357 335"
£ 169 338 3,35 372 3.46"
E; 452 324 508 5.57 5.38"
E, 348 418 4,12 4.51 4.32°
Ge
EJAL =T,y 006 062 086 094 0.74"
£y —007 057 08I 0,94 (1.9
E 259 317 6 340 116"
£ 144 203 2.14 2.32 2.2
E, 375 43] 437 436 445
GaAs
Ejj 049 1.22 .49 1.65 | .52°
: 355 4.4 4.16 4,51 4514
E, 202 273 280 300 3.04¢
E, 398 465 472 4w 5.13
Bese
Eq 404 546 5.25 5,02 5.45°
E 500 648 578 673 7.20°
E, 518 657 GO0 6,95 6.15°
£l .81 8.31 748 8.64 .47
E, 502 643 586 642 6.56°
BeTe
EfX.~Tg) L60 259 247  2.88 2.7, 2.8
Eq 328 433 39 4,58 4207
E, 3197 497 461 528 464"
Ey 433 537 499 568 S04
MgSe
Ey 247 400 )72 471 4.2%
Mi'Te
£y 2.29 A6 333 4.3 1467

A Fleszar, PRB 64, 245204 (2001)



* H, dissociation is incorrect:
E('s:)- E('S;) ¥%#® 0 (naLDA)

(see: Gritsenko, van Gisbergen, Gorling, Baerends,
J. Chem. Phys. 113, 8478 (2000))

* response of long chains strongly
overestimated

(see: Champagne et al., J. Chem. Phys. 109, 10489
(1998) and 110, 11664 (1999))

* in periodic solids, ijzLDA(q,W,l‘ ): c(r)

f exact

whereas, for insulators, I,  Y2%p ],/q2

divergent.



Didlectric Function Diamond

Kootstra, de Boelj, Snijders, J. Chem. Phys. 112, 6517
(2000) & Phys. Rev. B 62, 7071 (2000)

Theory —
Experiment ----

Trn[e(w)]

w (eV)

Experimental data taken from: P.E. Aspnesand A.A. Studna,

Phys. Rev. B 27, 985 (1983)



Dielectric Function Zinc selenide (ZnSe)
Kootstra, de Boeij, Snijders, Phys. Rev. B 62, 7071 (2000)

12.5
10

75 |

Rele(w)]
|

Theory —— -
Experiment ----

20 -
17.56 |~
15 -
125 -

Im[e(w)]

Theory ——
Experiment ----

w (eV)

Experimental data taken from: J.L. Freelouf, Phys. Rev. B 7, 3810

(1973)



Calculated optical absorption spectrum of Si from
EXX (dashed line), EXX+TDLDA (dot-dashed line),
and EXX+TDEXX (solid line). Circles denotes
experimental date from C.M. Herzinger et al.,
J.Appl. Phys. 83, 3323 (1998)

E‘D T T T T T

Y -H. Kim, A. Gorling, PRL 89, 096402 (2002).



Review articles on time-dependent

DFT/excitation energies

Density-functional theory of time-dependent
phenomena. E. K. U. Gross, J. F. Dobson. M.
Petersilka, in: Topics in Current Chemistry, vol.
181, edited by R. Nalewajski (Springer, 1996),
p. 81-172

A guided tour of time-dependent DFT. K. Burke, E.
K. U. Gross, in:Springer Lectures Notes in
Physics, vol. 500 (1998), p. 116-146



What is circular dichroism?

PLR(w) = power absorption of L/R circularly
polarized light with frequency w

The occurrence of DP(w) © PH(w) - PR(w) 1 0
1s called circular dichroism.

Where 1s dichroism observed?

A: materials where parity 1s broken (sugar)

B: simulations where time-reversal symmetry 1s
broken
1. either by an external magnetic field
2. or by an “internal” magnetic field
(due to ferromagnetic order)

type B dichroism is a relativistic effect.



Relativistic Effects in Superconductors

S

a=Tl

L

|

—ff’+—A
C

e )

2m

+(v(r)— )

—

W, (r)

_ d”fjdj ¢ (A (r, ) g (n )+ A(r 1) 2 (1))

s

o

¥(r) = Dirac spinor field operator

H™ =J d'?'r@(r)[c'jf' - (ﬂ'ﬁ) +me” +7y,4" ]‘l’(r)
+

QUESTION: What is the correct relativistic
generalization of the non-
relativistic order parameter

f(r.,r’) ?



non-relativistic order parameter

homogeneous case: C: —<alz_ a-E‘)

spherical case: Cim :<a_ Im 47- m>

oeneral case:

C= (a state Y time- reversed state >

(Kramers pair)

require relativistic generalization of order
Parameter to be a Kramers pair

Car,r') = Y t(r)T? (r')

with time reversal operator

as, 0 ¢
T= gl g3 My 0
e 0 185,09
Resulting relativistic order parameter Crel is

Lorentz scalar

H_ :Jd3r§ (r)(cg - iN)+ mc” + gnAn)? (r)
—J d3rjd r (D* (r,1')C ., (1,1") +H.C.)




DIRAC EQUATION FOR
SUPERCONDUCTORS

.-.{J[(;}’ p+mc” (l—j}“)—l—qy’”/l ]u”(r)
+J d3]' A(r’r)nﬂvn(r')zEn n(r)
A”[C’y D+ mc’ (l—j}“)+qy'“A ]:ﬁv”(r)
B J d3["' A (r'-"r )n{}un(f) - n- n(r)

"
Particle amplitudes u,,

> are Dirac spinors
Hole amplitudes v

!

N s, 0
07a isyg



Non-relativistic limit of Dirac BdG equations

(Ti= =12
(6" -7 =
| (—fcr_,,),ﬁ“(r) —l e +(V(;~)‘#)] vir)) (),
N o
YT
H{)

u(r) and v(r) are PAULI spinors, and

weakly relativistic limit, up to order (v/c)?

ol

" h, d,
2 \dr -k

d,= 4m13.1~3 (g VA + h&-(ﬁ’&)x ;’:’r)

Off-diagonal spin-orbit and Darwin terms



Perturbation Theory

A) Stationary perturbations

Zeeman: B, > exact

currents %A, ’

diag. SOC: SHMNv IQ] st order pert. theory
offdiag. soc: SAND” N] |

B) Time-dependent perturbation
A(f,t) = ;‘;l(f)em +c.c.

cEox -igx

>w S

use dipole approximation (q° 0) and

golden rule N
>| dE;- E;- w)

1®f_
A
f=¢ P - absorption
:

A =is

where only




Power absorption:

P(WH, T,&) =Q Wig(E;- E)F(E ) (-E,)

fi

Dichroism:

(0
DP= 0 without the stationary perturbations

1XA,, diag./offdiag. SOC



M echanisms for Dichroism

1. Mechanism known from the nor mal state

(strongly modified by superconductivity)

(@) diagonal spin-orbit coupling
(+ Zeeman splitting)

(b) orbital currents

2. M echanism which show up only in supercon-

ductors

(a) offdiagonal spin-orbit coupling
(+ Zeeman splitting)

(b) unconventional pair potential (order

parameter)
e complex b timereversal breaking

e iInversion symmetry breaking

(c) supercurrents [already verified
experimentally]
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General non-relativistic pairing potential

Jf d3rJr Fe(y @) - (D (rr)
|

(r)s
&y -(r')e

&

D, ,(r,r')= é "Di(r,r')m
=0

{m} = basisin the space of 2° 2 matrices

J ‘jfd%é' Drr )Ci(1,1')

Order parameters

If {m} are chosen to be the Balian-Werthammer
matrices then one obtains

1 OP (spinsinglet© BCSOP) : scalar
3 OP (spintriplet) : 3-vector under Galilel
transformations



General Relativistic Pairing Potential

D* = er31‘ IR "()Dy ., (r, )Y (1)

)
|

Dy 4(r,1') = - PD,(r,r' )M,

=0

{M:} =basisin the space of 4" 4 matrices

\J
D* :J d3rJ dIra "b(r,r)e  (r,r)

1=0

Relativistic order parameters

()= Y ()M, Y (r)

With a suitably chosen basis{ M.} one obtains

1 OP : scalar

1 OP : pseudoscalar

4 OPs: four-vector

4 OPs: axia four-vector

6 OPs . antisymetric tensor of rank 2
under Lorentz transformations



Further details on the relativistic framework
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