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TIME-DEPENDENT SYSTEMSTIME-DEPENDENT SYSTEMS

Example: atom in laser field

ˆ H     =  ˆ T e +  ˆ W ee +
j =  1

N

∑(t) +  E ·rj·cos t

Weak  laser (vlaser(t) << ven) :

Calculate   1. Linear density response 1(r t)
       2. Dynamical polarizability

 
       3.  Photo-absorption cross section 

Strong  laser (vlaser(t) > ven) :

Aim: “Replace” full TDSE by TDKS scheme

  
( ) = −

e

E
   z 1

r 
r ,( )d3r

( ) =  −
4

c
 Im  

Ze2

rj



Topics (linear-response regime)Topics (linear-response regime)

• Excitation spectra of atoms and
molecules

• Optical spectra of semiconductors

• Dichroism in superconductors





Multiphoton-Ionization  (He)

Walker et al., PRL 73, 1227 (1994)

λ = 780 nm



Momentum Distribution
of the He2+ recoil ions







Schnürer et al., PRL 80, 3236 (1998)
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crit
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consequence:  ionization-induced C
oulom

b explosion



Hamiltonian for the complete system of
Ne electrons with coordinates (r1 ··· rNe)  r  and
Nn nuclei with coordinates (R1 ··· RNn)  R,
masses M1 ··· MNn  and charges Z1 ··· ZNn.

  

ˆ H = ˆ T n (R)+ ˆ W nn(R)

   + ˆ T e(r)+ ˆ W ee(r)+ ˆ U en (R,r)

with

  

ˆ T n = − ∇ν
2

2Mνν=1

N n

∑ ˆ T e = − ∇i
2

2mi=1

N e

∑

ˆ W nn = 1
2

ZµZν

Rµ −Rνµ,ν
µ ≠ ν

N n

∑  ˆ W ee = 1
2

1
rj − rkj,k

j≠ k

N e

∑

ˆ U en = − Zν

rj−Rνν=1

N n

∑
j=1

N e

∑
Time-dependent Schrödinger equation

i
 t

Ψ r, R, t( ) = H r, R( ) + Vlaser r, R, t( )( ) r, R, t( )

Vlaser r,R, t( ) = rj − Z R
 =  1

Nn

∑
j =  1

Ne

∑
 

 
  

 

 
  ⋅ E ⋅ f t( )⋅ cos t



1D  MODEL

• Restrict motion of electrons and nuclei to
1D (along polarization axis of laser)

• Replace in  H(r, R)  all 3D coulomb
interactions by soft 1D interactions
(Eberly et al)

  

1
x2 +y2 +z2

1
α2 + z2

α = constant



Two goals of 1D calculations

1.  Qualitative understanding of physical
processes, such as double ionization

     of He

2.  Exact reference to test approximate xc
functionals of time-dependent density
functional theory



M. Lein, E. K. U. G., V. Engel, PRL 85, 4707 (2000)



M. Lein, E. K. U. G., V. Engel, PRL 85, 4707 (2000)



M. Lein, E. K. U. G., V. Engel, PRL 85, 4707 (2000)



M. Lein, E. K. U. G., V. Engel, J. Phys. B 33, 433 (2000)



M. Lein, E. K. U. G., V. Engel, J. Phys. B 33, 433 (2000)



M. Lein, E. K. U. G., V. Engel, PRA 64, 23406 (2001)





Even-harmonic generation due to beyond-

Born-Oppenheimer dynamics

• even harmonic generation is parity forbiden

• regard oriented  H2,  D2  

• symmetry breaking for  HD, not for  H2  

+

+

2
not allowed 



HHG Spectrum

  
S ω( ) ~  e iωt d2

dt2  Ψ t( )DΨ t( )  dt ∫
2

 HD 

 H2 

T. Kreibich, M. Lein, V. Engel, E. K. U. G., PRL 87, 103901 (2001)

(a) Harmonic spectrum generated from the model HD molecule
driven by a laser with peak intensity 1014 W/cm2 and wavelength 770
nm.  The plotted quantity is proportional to the number of emitted
phonons.  (b) Same as panel (a) for the model H2 molecule.



The time-dependent density of the interacting
system of interest can be calculated as density

of an auxiliary non-interacting (KS) system

 with the local potential

HK theorem: v r t( )      
1 - 1

     r t( )

E. Runge, E.K.U.G., Phys. Rev. Lett. 52, 997 (1984)

The time-dependent density determines
uniquely the time-dependent external
potential and hence all physical observables

KS theorem: 

r t( )  =
2

j r t( )
j =  1 

N

∑

    
ih ∂

∂t ϕ j rt( ) = − h2∇2

2m + vKS ρ[ ] rt( ) 
 

 
 ϕ j rt( )

  
vKS ρ r' t'( )[ ] rt( )= v rt( )+  d3r'

ρ r' t( )
r − r' + vxc[ (r’t’)](r t)

Time-dependent density-functional formalism



proof (basic idea):

to be shown that       is impossible  v(
r 
r  t)

  v'(
r 
r  t)

    ρ(
r r  t)

i.e. v(r t)  v’(r t) + c(t)      (r t)  ’(r t) 
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r ( ) ,  ˆ H  t( )[ ]  t( )

    
∂ρ
∂t

 =  −  div 
r 
j  

r 
r  t( )

equation of motion for j

use

and continuity equation

to show that and
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 t 0

≠  
∂2ρ  '
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     later that t0  

’(t)

(t)

t0 t

(t)



Simplest possible approximation for vxc[ ](     )    
r 
r  t

Adiabatic Local Density Approximation (ALDA)

  
vxc

ALDA r 
r  t( ) :=  vxc ,stat

hom n( ) 
  n= (

r 
r  t )

 

vxc, stat
hom

= xc potential of static homogeneous
   e-gas

Approximation with correct asymptotic -1/r
behavior: time-dependent optimized effective
potential

C. A. Ullrich, U. Gossmann, E.K.U.G., PRL 74, 872
(1995)



Time-dependent DFT in the linear
response regime and excited states

For times  t  t0 :

System in ground state of     v0 (r)
Density is the ground-state density  0 (r)

For times  t > t0 :
Total external potential:  v (r t) = v0 (r) + v1 ( r t)

(with v1 (r t0) = 0)
    density:  (r t) = 0 (r) + (r t)

(r t) = 1(r t) + 2(r t) + 3(r t) +  · · · ·

linear      second order . . . density response to
the perturbation v1 



Standard Response Equation

  ρ1(r t) =   d ′ t  d 3 ′ r  v1( ′ r  ′ t )(r t,r’t’)

full response function of the interacting
(inhomogeneous) system

 very hard to calculate

KS - Alternative

  ρ1(r t) =   d ′ t  d 3 ′ r   vs
(1)( ′ r  ′ t ) s(r t,r’t’)

response function of the noninteracting
(KS) system

 relatively easy to calculate

  

vs
(1)(r t) =  v1(r t) +  vH

(1)(r t)  +  v xc
(1)(r t)

   =  v1(r t) +   d3 ′ r w(r, ′ r )ρ1( ′ r  t)+   d ′ t   d3 ′ r ρ1( ′ r ′ t )fxc(r t,r’t’)

fxc(r t,r’t’)  is the 1st-order term in a functional

Taylor expansion of vxc[ρ](r t) around ρ0(r):

self-consistent

vxc[ρ](r t) = vxc[ρ0](r t) +   dt’   d3r’                     (ρ(r’t’) - ρ0(r’))
δvxc(r t)
δρ(r’t’)

ρ=ρ0

Note: This  is an exact representation of the linear density response



Standard linear response formalism

H(t0) = full static Hamiltonian at t0

full response function 

  H t0( ) m =Em m   exact many-body
     eigenfunctions and
     energies of system

r, r';( ) =
→0 +

lim
0  ˆ  r( )  m  m  ˆ  r'( )  0

− Em − E0( ) + i

 

 
 
 

m
∑

−
0  ˆ  r'( )   m  m  ˆ  r( )  0

+ Em − E0( ) + i

 

 
 
 

 The exact linear density response

     has poles at the exact excitation energies
      = Em - E0  

1 ( ) =  ( ) v1 ( )^

goal: Use the TDDFT representation of 
1( ) to calculate the excitation

energies    = Em - E0



Single-pole approximation

Expand all quantities about one KS pole
  
ε j0 −εk0

( )

  
ˆ χ KS ω( ) ≈

M j0k0

ω − ε j0 −εk0( )+ iη
 +  higher -order terms

  
Ω = ε j0

−εk0
( ) +K

  

K ≈ d3r d3r'∫∫ ϕ j0
r( )ϕ j0

* r'( )ϕk0
r'( )ϕk0

* r( )⋅

1
r − r'

+ fxc r,r'( ) 
 

 
 

⇒









Three approximations necessary

a)  approximation for vxc to calculate { j}, { j}

b) approximation for fxc

c)  single-pole approximation (truncation of
Laurent expansion)

Which one is most important?   To investigate use 

(a): exact vxc (from Umrigar) for He and compare

(b):

  

fxc
ALDA r,r', ω( ) = δ r − r'( ) d2

dn2 nεxc
hom( )

ρ r( )

fxc    σ,σ'
TDOEP x−only r,r', ω( ) = δσ,σ'

ϕkσ r( )ϕkσ
* r'( )

k

N σ∑
2

r − r' ρσ r( )ρσ r'( )

•

•

(c): •  Single-pole approximation

•  Multiple-pole approximation
  
ˆ χ KS ≈

Mj0k0

ω − ε j0
− εk0

( )+ iη

  
ˆ χ KS ≈

M jk

ω − ε j − εk( )+ iηj,k

J,K

∑



Comparison of the excitation energies of neutral
helium, calculated from the exact xc potential by using
approximate xc kernels.  All values are in Hartrees.
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A.Fleszar, PRB 64, 245204 (2001)



Failures of ALDA in the

linear response regime

Failures of ALDA in the

linear response regime

• H2 dissociation is incorrect:

    (in ALDA)

(see: Gritsenko, van Gisbergen, Görling, Baerends,
J. Chem. Phys. 113, 8478 (2000))

  
E 1Σu

+( )−E 1Σg
+( )  R→∞ →     0

• response of long chains strongly
overestimated
(see: Champagne et al., J. Chem. Phys. 109, 10489
(1998) and 110, 11664 (1999))

• in periodic solids,

whereas, for insulators,

divergent.
  fxc

exact   q→0 →    1 q2
  fxc

ALDA q,ω,ρ( )= c ρ( )



Dielectric Function Diamond
Kootstra, de Boeij, Snijders, J. Chem. Phys. 112, 6517
(2000) & Phys. Rev. B 62, 7071 (2000)

Experimental data taken from: P.E. Aspnes and A.A. Studna,
Phys. Rev. B 27, 985 (1983)



Dielectric Function Zinc selenide (ZnSe)
Kootstra, de Boeij, Snijders, Phys. Rev. B 62, 7071 (2000)

Experimental data taken from: J.L. Freelouf, Phys. Rev. B 7, 3810
(1973)



Calculated optical absorption spectrum of Si from
EXX (dashed line), EXX+TDLDA (dot-dashed line),
and EXX+TDEXX (solid line). Circles denotes
experimental date from C.M. Herzinger et al.,
J.Appl. Phys.  83, 3323 (1998)

Y.-H. Kim, A. Görling, PRL 89, 096402 (2002).



Review articles on time-dependent

DFT/excitation energies

Review articles on time-dependent

DFT/excitation energies

Density-functional theory of time-dependent
phenomena.  E. K. U. Gross, J. F. Dobson. M.
Petersilka, in:  Topics in Current Chemistry, vol.
181, edited by R. Nalewajski (Springer, 1996),
p. 81-172

A guided tour of time-dependent DFT. K. Burke, E.
K. U. Gross, in:Springer Lectures Notes in
Physics, vol. 500 (1998), p. 116-146



What is circular dichroism?

PL/R(ω) = power absorption of  L/R  circularly
    polarized light with frequency  w

The occurrence of  ∆P(ω) ≡ PL(ω) - PR(ω) ≠ 0
is called circular dichroism.

Where is dichroism observed?

A:  materials where parity is broken (sugar)

B:  simulations where time-reversal symmetry is
broken

1.  either by an external magnetic field
2.  or by an “internal” magnetic field

     (due to ferromagnetic order)

type B dichroism is a relativistic effect.





non-relativistic order parameter

homogeneous case:

spherical case:

general case:

    χ
r 
k = ˆ a r k ↑ ˆ a −r 

k ↓

  χl,m = ˆ a ↑l,m ˆ a ↓l,−m

  χ= ˆ a state  ˆ a time−reversed state

require relativistic generalization of order 
Parameter to be a Kramers pair

(Kramers pair)

with time reversal operator

Resulting relativistic order parameter           is
Lorentz scalar

  ̂  χ rel r,r'( ) = ˆ Ψ t r( )T ˆ Ψ r'( )

  
T = γ 1γ 3 =

iσy 0
0 iσy

 
 

 
 

  ̂  χ rel

  

ˆ H rel =  d3r ˆ Ψ r( ) cγ ⋅ −i∇( )+ mc2 + γ νA
ν( ) ˆ Ψ r( )

−  d 3r  d3r' ∆* r,r'( ) ˆ χ rel r,r'( )+H.C.( )



  
η0 =

iσy 0
0 iσy

 
 

 
 





Perturbation Theory

A) Stationary perturbations

Zeeman: exact

currents:

diag. SOC:   1st order pert. theory

offdiag. SOC:

B) Time-dependent perturbation

use dipole approximation (q ≡ 0) and
golden rule:

where

and

    
r m ⋅

r 
B 0

    
r 
j ⋅

r 
A 0

    
r 
σ ⋅ ∇ v × ∇[ ]
  
r 
σ ⋅ ∇ ∆ ×∇[ ]

    
r 
A r r ,t( ) =

r 
A 1

r r ( )e iωt +c.c.

    
r 
A 1 = i c

2
E0

ω
r 
ε e−i

r 
q ⋅

r 
r 

    
Wi→f = 2π

h f ˆ H + i
2

δ Ef −E i −ω( )

  

ˆ H =

h
h

−hT

−hT

 

 

 
 

 

 

 
 

    
h = − q

mc
r 
A ⋅ ˆ p 

absorption
only



Power absorption:

Dichroism:

     without the stationary perturbations
               , diag./offdiag. SOC

    
P ω,H,T,

r ε ( ) = Wi→f E f −E i( )f E i( )f −E f( )
f i

∑

    ∆P =P ω,H,T,
r 
ε L( )− P ω,H,T,

r 
ε R( )

    

r 
ε L ,R = 1

2

1
± i
0

 
 
  

 
 

  ∆P ≡0

    
r 
j ⋅

r 
A 0



Mechanisms for Dichroism

1. Mechanism known from the normal state
(strongly modified by superconductivity)

(a) diagonal spin-orbit coupling
(+ Zeeman splitting)

(b) orbital currents

2. Mechanism which show up only in supercon-
ductors

(a) offdiagonal spin-orbit coupling
(+ Zeeman splitting)

(b) unconventional pair potential (order 
parameter)

• complex ⇒ time reversal breaking
• inversion symmetry breaking

(c)  supercurrents [already verified 
  experimentally]



K. Capelle, E.K.U.G., B. L. Györffy, Phys.Rev. Lett.  78, 3753 (1997)



K. Capelle, E.K.U.G., B. L. Györffy, Phys.Rev. Lett.  78, 3753 (1997)



General non-relativistic pairing potential

Order parameters

If  {mi} are chosen to be the Balian-Werthammer
matrices then one obtains

1 OP  (spin singlet ≡ BCS OP) :  scalar
3 OP  (spin triplet) :  3-vector under Galilei 

transformations

  
ˆ ∆ =   d 3r  d3r' ˆ ψ ↑ r( ), ˆ ψ ↓ r( )( )D2×2 r,r'( ) ˆ ψ ↑ r'( )

ˆ ψ ↓ r'( )
 
 

 
 

  
D2×2 r,r'( ) = 3

i=0
∑ ∆ i r,r'( )m i

{mi} = basis in the space of 2×2 matrices

  
ˆ ∆ =   d3r  d3r' 3

i=0
∑ ∆ i r,r'( ) ˆ χ i r,r'( )

  
ˆ χ i r,r'( )=  ˆ ψ ↑ r( ), ˆ ψ ↓ r( )( )m i

ˆ ψ ↑ r'( )
ˆ ψ ↓ r'( )

 
 

 
 



General Relativistic Pairing Potential

Relativistic order parameters

With a suitably chosen basis {Mi} one obtains

1 OP  :  scalar
1 OP  :  pseudoscalar
4 OPs :  four-vector
4 OPs :  axial four-vector
6 OPs :  antisymetric tensor of rank 2

  under Lorentz transformations

  ∆
rel =   d3r  d3r' ˆ Ψ T r( )D4×4 r,r'( ) ˆ Ψ r'( )

  
D4× 4 r,r'( ) = 15

i=0
∑ ∆ i r,r'( )Mi

{Mi} = basis in the space of 4×4 matrices

  
∆rel =   d3r  d3r' 15

i=0
∑ ∆ i r,r'( )ˆ χ i

rel r,r'( )

  ̂  χ i
rel r,r'( ) =  ˆ Ψ T r( )Mi

ˆ Ψ r'( )



Further details on the relativistic framework

• K. Capelle, E.K.U.G., Phys.Lett. A198, 261 (1995)
• K. Capelle, E.K.U.G., Phys.Rev. B 59, 7140 (1999)

& 7155 (1999)

Further details on dichroism in superconductors

• K. Capelle, E.K.U.G., B. L. Györffy, PRL 78, 3753
(1997)

• K. Capelle, E.K.U.G., B. L. Györffy, Phys.Rev. B 58,
473 (1998)


