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= Light-induced gauge potentials

= Slow light (with OAM, multi-component, ...)
= Cold atoms in optical lattices

= Graphene

= Metamaterials
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Background
+ Creating B via rotation
» Creating B4 In optical lattices

Origin of geometric potentials

Specific schemes for generating
= Abelian gauge potentials
= Non-Abelian gauge potentials (for cold atoms)

Conclusions

P.S. Latest realistic proposal by lan Spielman
to produce Rashba SO coupling.



BEC and Degenerate Fermi1 gases

Atomic physics meets solid state physics
o Degenerate Fermi gas < Electrons in solids

2 Atoms in optical lattices

Trapped atoms - electrically neutral
particles -

No Lorentz force and thus direct analogy with
magnetic properties due to electrons in solids

- Various attempts to produce artificial
magnetic fields for cold atoms



BEC and Degenerate Fermi gases

Usual method to create an effective magnetic field:
Rotation of a trap




Trap rotation

Hamiltonian in the rotating frame
[see e.g. A. Fetter, RMP 81, 647 (2009)]

Hy=p*/(2M)+;5Mw’ r*~Q-rXp
or \rotation vector

-MQ Xr)? 1
- T Ml -)r

H,

Effective vector potential Centrifugal potential

(constant B ) (anti-trapping)
Coriolis force (equivalent to Lorentz force)




Trap rotation

n Constant B_: B s~ €2
o Trapping frequency: @o =@ -’
o —w, - Landau problem

Features

= B_4Is constant

= B_g acts on all atoms in the same way

n Applies usually to cylindrically symmetric traps
= One can not rotate the trap at large frequencies
= > Other methods of producing B, without

rotation are desirable



FEtfective magnetic fields without rotation

Optical lattices

Initial proposals:
o D. Jaksch and P. Zoller, New J. Phys. 5, 56 (2003)
o E. Mueller, Phys. Rev. A 70, 041603 (R) (2004)

B IS produced by inducing an assymmetry
In atomic transitions between the lattice sites.

Non-vanishing phase for atoms moving along
a closed path on the lattice

— Non-zero magnetic flux — B_;# 0




FEtfective magnetic fields without rotation

Optical lattices
o D. Jaksch and P. Zoller, New J. Phys. §, 56 (2003)
o J. Dalibard and F. Gerbier, NJP 12, 033007 (2010).

o -Laser-assisted tunneling between different internal
states along y axis (with recoil along x).

o -Ordinary tunneling along x direction (t).

<€

0 t

0 t'exp(-ikx,) t'exp(ikx,)

N N -

o Non-vanishing phase for the atoms moving along a
plaquette: S=k(x,-x,)=ka




FEttective magnetic fields without rotation

Optical lattices:

The method can be extended to create Non-
Abelian gauge potentials

(Laser assisted, state-sensitive tunneling)

o K. Osterloh, M. Baig, L. Santos, P. Zoller and M.
Lewenstein, Phys. Rev. Lett. 95, 010403 (2005)




Here: Creation of B_4 using
geometric potentials

Features:
2 No rotation is necessary
2 No lattice is needed



Geometric potentials

Emerge in various areas of physics
(molecular, condensed matter physics etc.)

First considered by Mead, Berry, Wilczek
and Zee and others in the 80’s.

More recently — in the context of motion of
cold atoms affected by laser fields.

Advantage of such atomic systems:
possibilities to control and shape gauge
potentials by choosing proper laser fields.




Creation of B_; using geometric potentials

Atomic dynamics taking into account both internal and center of
mass motion.

@ The full atomic Hamiltonian

~2
N p_ A N
H = 2M—|— V(r) + Ho(r, t).

o Flo(r, t) — the Hamiltonian for the electronic (fast) degrees of
freedom, € (including r-dependent atom-light coupling)

o p?/2M + V(r) — the Hamiltonian for center of mass (slow) degrees
of freedom.

o V(r) — the external trapping potential. (for c.m. motion)

@ Ho(r, t) has eigenfunctions |xn(r, t)) with eigenvalues &(r, t).
@ Full atomic wave function N ( r-dependent “dressed” eigenstates)

@) =) Wn(r, 1) xn(r, 1)).



Non-degenerate state with n=1

A

Adiabatic atomic energies ¢ (r) n=3

n=2

Full state vector: n=1

D)= N[5, (), (x,1) > r

¥ (r,r) — wave-function of the atomic centre of mass motion
in the n-th atomic internal “dressed” state |x,@))



Non-degenerate state with n=1

A

Adiabatic atomic energies ¢ (r) n=3

n=2

Full state vector: | n=1

D)= Y |x, ()%, (r.0) > T

¥ (r,r) — wave-function of the atomic centre of mass motion
in the n-th atomic internal “dressed” state |x,@))

Adiabatic approximation

) =3, x.)

What is the equation of motion for W¥(r,r) ?



Non-degenerate state with n=1

A

Adiabatic approximation: e (r) n=3
@) = | x,(r)¥,(r,1) n=2
Equation of motion: T n=1

ih§,|(I)> — [—1|(I)> with A = 2pM +V(r)+¢(r) P
We have:

p|®) = =i, () )V, (x 1) — iV, (r))W,(x, 1)
/)
Projecting onto the state |x,(r))



Non-degenerate state with n=1

A

Adiabatic approximation: e (1) n=3
@) = | x,(r)¥,(r,1) n=2
Equation of motion: W n=1
. A 52 > r
ih8,|(I)> = [—1|(I)> with 7 =L+ v(r) +¢(r) o
2M p =-ihV
We have:
IA)|(I)> - _ih‘XI (r)>V\P1 (r.7) = ih‘VXI (r)>\I’l(r,t) Brings a vector potential

«

d th A '
an us p‘(l)> z|X1(l‘)>(—th_A11)lpl(r’t)

A= ih<X1(r)|VX1 (l‘)>

. “A Y
2 ihdW(r,1) = HY(r.1) - ZM”) +V(r) +£(r)

Vector potential A,, =A appears.




Non-degenerate state with n=1

A

Adiabatic approximation: g (1) n=3
) =, (0) Wi (x.1) n=2
Equation of motion: W n=1
o
ihd,|®) = H|®) With A ~ 2pM +V()+£,(r) oy
We have:
IA)|(I)> n _ih‘XI (r)>V\P1 (r.7) = ih‘VXI (r)>‘1’1(r,t) Brings a vector potential

and thus . <
D) =, (0)) =iV - A“VW (r,1)
A11 = ih<X1(r)|VX1(r)> | > | >( )

. “A Y
2 ihdW(r,1) = HY(r.1) - ZM”) +V(r) +£(r)

Vector potential A, =A appears. What is missing?




Non-degenerate state with n=1

A

Adiabatic approximation: g (r) n=3
) =, (0) Wi (x.1) n=2
Equation of motion: - n=1
. T >
lhar|q)> — [—1|(I)> with H = 2pM +V(r)+¢/(r) -
We have:
Pl®) = it x, (1) VW, (1) — |V, () YW, (xr, 1) V5" Com'iete”ess Il
s ey a)- S e
A, =ih(x, )|V () ~ N
/ oA, ) !

7 +V(r)+¢g()+ P(r) "

| . o !
Vector potential A, =A & scalar potential ®=®(r) = ﬁEAlnAnl
n=2

> oW (r,)=H¥Y(r,) H




Non-degenerate state with n=1

A

Adiabatic approximation: g (r) n=3

) =, (0) Wi (x.1) n=2

Equation of motion: | n=1

iho W, (r,t) = HY/(r,1) > T
p=—ihV

H = (p—A)2 +V(r)+
= g(r)+P(r)
M |X1(I')>

A=A, =ih{x (r)|Vy(r))- effective vector potential (Berry connection)

1 < . .
®=P(r) = ﬁ;AlnAnl - effective scalar potential

B =V xA - effective magnetic field (non-trivial situation if B =0 )

Both A & & appear due to position-dependence of |x(r))



Non-degenerate state with n=1

A

Adiabatic approximation: e (r) n=3
@) = | x,(r)¥,(r,1) n=2
Equation of motion: - n=1

ihd W, (r,t) = HY (r,1)
p =—ihV

o _ (- A)
= +V(r)+¢((r)+ D(r)
2M Momentum associated with |, (r))

A=A, =ih{x (r)|Vy(r))- effective vector potential (Berry connection)
— Kinetic energy of micro-motion

1 & . .
®=P(r) = ﬁ;AlnAnl - effective scalar potential

B =V xA - effective magnetic field (non-trivial situation if B =0 )

Both A & @& appear due to position-dependence of |x,(r))



Degenerate states with n=1 and n=2

A

Adiabzatic approximation: e (r) n=4

D) =Y |x, () ¥, (r.0) n=3
" | n=1, n=2

> r

Repeating the same procedure ...



Degenerate states with n=1 and n=2

A

Adiabagtic approximation: g (r) n=4

@) = N | ,(0)) W (r.1) n=3
Equafi=<l)n of motion: b n=1, n=2

tho W(r,t) = H¥(r,?) > r

AV Y(r,t) - two-component atomic wave-function
H = (p _ ) +V(r)+¢((r)+ D(r)

.2M / 2X2 matrix | |
A, =ih(x,(0)|Vx,@). (Lj=12) - effective vector potential

N oee— 2x2 matrix
1

=T AlnAnJ - effective scalar potential
2M <

1

B=VxA+ %A x A - effective magnetic field (curvature)

Both A & @& appear due to position-dependence of |x;())

D



Adiabatic approximation

Degenerate states

The first g dressed states are degenerate and these levels are well
separated from the remaining N — q
L, 0 -~ 1 : 5 ~
Ih—V = | —(—ihV —A)* "+ V+¢| V¥,
ot 2M A (g-component

where A and V are truncated g x g matrices, wave-function)

N
1
¢n,n’ — m Z An,m ' Am,n’
m=q-+1

| | A, =ik,
A is now a gxq matrix! 4

Non-Abelian case if A,, A, A, do not commute.

Vi,




Degenerate states

The first g dressed states are degenerate and these levels are well
separated from the remaining N — q

/haﬁl

2
= [ZM( iRV — A) —I—V-I—qﬁ]

1~ (g-component

where A and V are truncated g x g matrices, wave-function)

N
1
¢n,n’ — 2T/I Z An,m : Am,n’
m=q+1

Non-Abelian case if A, A , A, do not commute

B = lewFu.  Fu=0kA — OAc — —[Ak,A,] B — curvature

2
- B#0 even if A is constant !!!

=(vxB-Bxv)/2 - artificial “Lorentz force”



Vorume 52, Numsex 24 PHYSICAL REVIEW LETTERS 11 JuNe 1984

Appearance of Gauge Structure in Simple Dynamical Systems

Frank Wikzek and A. Zee'"'
Instinwse for Theovencal Physcs, University of Colifornia, Santa Bardara, California 93106
(Rocorved 9 Apeid 1984




But first — Abelian gauge potentials
(a single degenerate dressed state)

A=A, =ih{) )|V ()

Large possibilities to control and shape the
effective vector potential by changing the
light beams



‘ Light-induced gauge potentials for /\ -type atoms

Initial idea: R. Dum and M. QOlshanii, Phys. Rev. Lett. 76, 1788 (1996).

A-type Atoms

|3 >
o Q.
A OVAVAVAW 2
D) ~ Qc|1) —Qp|2)
s 12> Destructive interference,
cancelation of absorbtion —
EIT |
Probe beam: Q, = u13E, N (First observed in the 70’s,
Control beam: Q¢ = po3Ec — G. Alzetta et al. 1976,

E. Arimondo, ... )



Gauge potentials using light beams with OAM

A-type Atoms

0 Q, Dark state
f\/\/p\f\) AVAVAWVAY o
11> 12> Destructive interference,

cancelation of absorbtion —
EIT

o

Probe beam: Q, = py3Ep
Control beam: Q¢ = uo3Ec

Atomic dark state — position dependent: ‘D> = ‘D(r )>

> A =in(D(r)VD(r)) (Abelian vector potential)



Creation of B g using light vortices (OAM)

~ ol ,
Qe

Light vortex — light beam with

phase
ikz+il
Qp~ el Z—I—Igo,

QC where ¢ is azimuthal angle, | —
winding number.

Light vortices have orbital angular
momentum (OAM) along the
propagation axis M, = hl.

(Twisted beams of light)

G. Juzelitnas and P. Ohberg, Phys. Rev. Lett. 93, 033602 (2004);
G. Juzelitnas, P. Ohberg, J. Ruseckas, and A. Klein, PRA 71, 053614 (2005).



‘ Dark state: |D)~|)Q, -[2)R

@ - azimuthal angle

= Atomic dark-state is position-dependent:

: ‘D>=‘D(r)> ~ | 13>

[1>

® - A(r) = in(D|V| D)

Non-trivial case: A(r)=VU =  B=VxA=0




Effective Magnetic Field

|2 VS x V[¢[2
A = —Hh VS, B = Jj )
1+¢/? (1+1¢[2)?
b — h2 (VIC)? + [¢[3(V S)?
S 2M (1422

where

@ The vector potential A is determined by:

@ the gradient of phase of the probe beam,
@ the ratio between the intensities of the control and probe beams.

B0 if V‘C‘z x VS =0
(the gradients V\@\z and VS are not parallel)




Effective Magnetic Field

¢|? VS x V(|2
A = —Hh VS, B = Jj )
1+¢/? (1+[¢[2)2
~ R2 (VIC)2 4+ [C3(VS)?

P=oM (14 [C2)
where O
C—Q—p=ICIe’S, S =1l¢
C

@ The vector potential A is determined by:

@ the gradient of phase of the probe beam,
@ the ratio between the intensities of the control and probe beams.

B0 if V‘C‘z x VS =0
(the gradients V\@\z and VS are not parallel)




Effective Magnetic Field

¢|? VS x V(|2
A - _h VS, B — h ,
1+(¢2 (1+1[¢[2)?°

B2 (V)P +[C[3(VS)?

CToM (1+(C2)
where O
(= Q—"= cle®,  S=1I¢
C

@ Light beams with OAM can introduce an effective magnetic field
which acts on the electrically neutral atoms.

@ The vector potential A is determined by:

@ the gradient of phase of the probe beam,
e the ratio between the intensities of the control and probe beams.

B#0 if V|g| xVS=0: B~e,

(the gradients V\g\z and VS are not parallel)



‘ Counter-propagating beams with
spatially shifted profiles

[G. Juzelilinas, J. Ruseckas, P. Ohberg, and M. Fleischhauer,
Phys. Rev. A73, 025602 (2006).]

. : >§Q /Q, =& le”

'
X

T aeis  S=(k,+k)y
Q,~e?
AN,
VAV AVAN
— 12>

1>

(The gradients V[g[* and VS are not parallel)



Counter-propagating beams with
spatially shifted profiles

[G. Juzelilinas, J. Ruseckas, P. Ohberg, and M. Fleischhauer,
Phys. Rev. A 73, 025602 (20006).] |

Q,
=0, /Q «Ele

'
X

>y S=(k,+k)y

B~e,

A |25 Much larger Dirac fluxes P

Dirac
1>

(determined by the sample length)
(The gradients V|¢|" and VS are not parallel)



Counter-propagating beams with
spatially shifted profiles

(Effective magnetic field — green)
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(a) Experimental layout (b} Level diagram
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— Synthetic magnetic fields for ultracold neutral atoms

Y.-J. Lin", R. L. Compton’, K. Jiménez-Garcia'”, J. V. Porto' & |. B. Spielman’



Characteristic features of the method

No rotation of atomic gas

No lattice is necessary

Effective magnetic field can be shaped by
choosing proper control and probe beams

Acts on the selected atoms

— Extension to the non-Abelian gauge
potentials



Non-Abelian gauge potentials

More than one degenerate dressed state



Tripod configuration
0

1 2 3

M.A. Ol'shanii, V.G. Minogin, Quant. Optics 3, 317 (1991)
R. G. Unanyan, M. Fleischhauer, B. W. Shore, and K.
Bergmann, Opt. Commun. 1585, 144 (1998)

Two degenerate dark states

(Superposition of atomic ground states immune from the
atom-light coupling)



Tripod configuration
0

Two degenerate dark states

(Superposition of atomic ground states immune from the
atom-light coupling)

Dark states: destructive interference for transitions to the
excited state

Lasers keep the atoms in these dark (dressed) states



‘ (Non-Abelian) light-induced gauge potentials

0y £2;

Q;

) Ultracoldgj_qms

for centre of mass motion of dark-state atoms:
(Due to the spatial dependence of the dark states)

® (two dark states)

J. Ruseckas, G. Juzelitinas and P.Ohberg, and M.
Fleischhauer, Phys. Rev. Letters 95, 010404 (2005).




‘ (Non-Abelian) light-induced gauge potentials

|0} Slﬁ
A L\\
Q; / N Qs
S Qs N
/
’ Y 4
|1} 123 13) Ultracold atoms

Centre of mass motion of dark-state atoms:

-iﬁﬁ\ll = [L —ihV — A +V + d)] ¥ € Two component atomic

ot 2m wave-function
Ann = iR{Dn(r)|VDum(r)) - 2X2 matrix

A - effective vector potential (Mead-Berry connection)



‘ Tripod scheme

@ Two degenerate dark states:
Dy} = sin¢$e>'|1) — cos ¢e>22|2),
\D,) = cosf cos 6|1} + cos 0 sin pe’52|2) — sind|3),

where

Qi =Qsinfdcosoe®, Q=Qsindsinge 2, Q=0 cosbe:.

@ Vector gauge potential:
Ay =h (0052 ®V So3 + sin® ¢VS13) :

A, = hcosl (15 sin(2¢)VSi2 — qu')) :

Ass = hcos® f (0052 &V Sya + sin? c_f»VSzg) :



Tripod scheme

Two degenerate dark states

A I1s 2x2 matrix

Non-Abelian case if A,, Ay, A, do not commute

1

B = éfilekh Fu = OxA; — 01Ak — %[AkaAll- B - curvature

F=(vxB-Bxv)/2 - artificial “Lorentz force”



Non-Abelian magnetic monopole

singularity lines

J. Ruseckas, G. Juzelitinas, P. Ohberg, and M. Fleischhauer,
Phys. Rev. Lett. 95, 010404 (2005).

V. Pietila and M. Mottonen, Phys. Rev. Lett. 102, 080403 (2009).



Non-Abelian magnetic monopole

@ Laser fields:

Q1!2 — QOER ei(kZTs?), Q3 — QOER eik’x.

@ The effective magnetic field

. h 0 1
Monopole fied > B = 3 € ( 10 ) —

J. Ruseckas, G. Juzelitinas, P. Ohberg, and M. Fleischhauer,
Phys. Rev. Lett. 95, 010404 (2005).

V. Pietila and M. Mottonen, Phys. Rev. Lett. 102, 080403 (2009).



Three plane wave setup
A. Jacob, P. Ohberg, G. Juzeliiinas and

a) 0) b) Q, L Santos, Appl. Phys. B. 89,439 (2007).
O Q3
(2
i 12)  3)

(centre of mass motion, dark-state atoms):

H = %(-—iﬁv — hwo )* - (= Rashba-type Hamilltonian)
m

o, =e0,+€,0, — spin 2 operator
(acting on the subspace of atomic dark states)

- Rashba-type Spin-Orbit coupling
Constant non-Abelian A with [A,,A/]~0, 2> B ~e,



Three plane wave setup

Centre of mass motion of dark-state atoms:

H =ﬁ( ihV — hko ) (= Rashba-type Hamilltonian)

Plane-wave solutions: U (r) = gXe’™” O 8k = *8&

- two dispersion branches with positive or negative chirality
h;(L + h)" Ok =0 klz"{k

T
= o



For small k:  Similarities to graphene:
Dirac-type Hamiltonian: H, = hvyk - o)
Two dispersion cones: hwj = +hugk

- Quasirelativistic behaviour ot cold atoms
AE

/vy K

0 02 04 0.6 0.8 1 12 14 I
k/x

G. Juzelitinas, J. Ruseckas, L. Santos, M. Lindberg and P.
Ohberg, Phys. Rev. A 77, 011802(R) (2008)

v,=1cm/s



Similar to electrons in graphene

Graphene — hexagonal 2D crystal

of carbon atoms AE
Electron energy
spectrum near E. L

Near E.: ‘

o Linear dispersion, I

Ly L ¢ L) Y L4 ¥

N e N W N N e e,

L 4 4 f L Y
P o PP PP o PP o P o P T P o P
¥ ' 4 2 | Y 2 |
‘/1\(/1-\ P /J\'//\‘/ .\‘f
[P N Tt Tt T >
¢ ¢ SR { ¢ A
P e T i e T e T e e T
L 4 Y L 4 L 4 4 Y
L Py I, N IS TS
Y Y N Y {
PN BN I, IS, IS, N, S,
4 4 (4 L ] Y Y
[ J\/J\ P e T e o
" T, "SR
fJ\(I\ N B I N Ny
| | L t L]

i:

o (Two cones with positive and negative v =+ )
o Electrons behave like relativistic massless particles
Q

(Dirac type effective Hamiltonian)

v,=10°m/s



For small k:  Similarities to graphene:
Dirac-type Hamiltonian: H, = hvyk - o)
Two dispersion cones: hwj = +hugk

- Quasirelativistic behaviour ot cold atoms
AE

/vy K

0 02 04 0.6 0.8 1 12 14 I
k/x

G. Juzelitinas, J. Ruseckas, L. Santos, M. Lindberg and P.
Ohberg, Phys. Rev. A 77, 011802(R) (2008)

v,=1cm/s



Zittenbewegung of cold atoms

J. Y. Vaishnav and C. W. Clark, Phys. Rev.
Lett. 100, 153002 (2008).

M. Merkl, F. E. Zimmer, G. Juzelilnas, and P.
Ohberg, Europhys. Lett. 83, 54002 (2008).



‘ Dispersion of centre of mass motion
for cold atoms 1n light fields

1.8

1.6

v,=dw/dk>0

1.2

/vy K

. v=dw/dk<0

0.8

0.6




/vy K

Negative refraction of cold atoms at a

potential barrier

2 _

1.8

1.6

14

12 v,=dw/dk>0
1

0.8

v,=tuldk<0

0 02 04 0.6 0.8 1
k/x

0.6

1.2

14

Potential
barrier

Veselago-type lenses for cold atoms



Veselago-type lenses for ultra-cold atoms




Double and negative reflection of atoms

G, Juzeliunas, J. Ruseckas, A. Jacob,
L. Santos, P. Ohberg, Phys. Rev. Lett.
100, 200405 (2008).

wy - sharp Mexican hat

T h’

— (2
VA

fiw




Double and negative reflection of atoms

G, Juzeliunas, J. Ruseckas, A. Jacob,
L. Santos, P. Ohberg, Phys. Rev. Lett.
100, 200405 (2008).

wy - sharp Mexican hat




Double and negative reflection of atoms

Reflection of atoms with negative chi-

(b) Negatively reflected wave — closer to the surface (k,<k)

(a) k, — closer to the normal (k,>k)



Resembles Andreev reflection

= Electron is converted into a hole with a
negative effective mass upon reflection

superconductor

specular reflection Andreev retroreflection




Double and negative reflection of atoms:

Wave-packet simulations

100
0 KZ
-100
- 100 () 100 =100 0 100
K KT

F1G. 5: {Color online) Reflection of an atomic wave-packet
with a negative chirality for a = 15°, k = 1.5 (left) and o =
657, k = 0.5k (right). The incident wave-packet is taken to be
(Gaussian with momentum width Ak = 0.1x. An additional
arrow indicates the incident direction.

100

0 KZ

-100

G, Juzeliunas,

J. Ruseckas, A. Jacob,
L. Santos, P. Ohberq,
Phys. Rev. Lett. 100,
200405 (2008).




Conclusions

Abelian gauge potentials appear if there is
non-trivial spatial dependence of
amplitudes or phases of laser fields (or
spatial variation of atomic levels).

Non-Abelian fields can be formed using
the plane-wave setups. They can simulate
the spin 1/2 Rashba-type Hamiltonian for

cold atoms.

Spin 1 Rashba coupling can also be
generated [PRA 81, 053403 (2010)].
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lan’s closed loop setup overcomes this drawback:

1 92 a. Three level: N =3, 6¢ =0 b. Four level: N =4, 6¢ = —7n/4
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[D. L. Campbell, G. Juzelitinas and I. B. Spielman, in preparation]
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