
 Conformal Symmetry of General Rotating  Black Holes 

Recent efforts: w/ Finn Larsen 1106.3341 & 1112.4856 
                         w/ Gary Gibbons 1201.0601 

Progress to extract from geometry (mesoscopic approach)          
an underlying conformal symmetry & 
promoting it to two-dimensional conformal field theory 
   
governing microscopic structure of  four and five dimensional    
asymptotically flat   general rotating charged  black holes 

   [Earlier  work: w/ Donam Youm ’94-’96:multi-charged rotating asympt.Mink. BH’s 
                               w/ Finn Larsen ’97-’99,’10: greybody factors; special(BPS) microsc. 
                               w/ Chong, Lü & Pope ’06-’08:  (AdS)  rotating black hole solutions  
                               w/ Chow, Lü & Pope ’09:  special (Kerr/CFT) microscopics ] 



Microscopics of  black holes in string theory,  
in particular  relation to 2d-dim CFT  (via AdS3/CFT2 
correspondence ) extensively explored over past 10-15 years 

Shown in  specific/special cases (AdS/CFT): 

- BPS (supersymmetric)  limit (m 0)  [M=Q] 
                                                                                                            Strominger&Vafa’96 

- near-BPS limit (m << 1)                                . . .Maldacena&Strominger’97 

- near-BPS multi-charged rotating  black holes                  w/Larsen’98 

Recently: 
- (near-)extreme rotating black holes  (m – l <<1)  
  Kerr/CFT correspondence       Guica,Hartman,Song,Strominger 0809.4266… 

 - extreme AdS charged rotating black holes in diverse dim. 
                                                                                 . . . . . w/Chow,Lü & Pope 0812.2918 



Another approach:  internal structure of black holes 
via probes such as scalar wave equation  
in the black hole background (greybody factors) 

If certain terms in the wave equation omitted   
SL(2,R)2  symmetry & radial solution hypergeometric functions 

Omission justified for special backgrounds: 
 - near-BPS limit (m<<1)                        Maldacena-Strominger’97 
 - near-extreme Kerr limit  (m - l <<1)                        w/Larsen’97  
 - low-energy probes   (ω<<1)                                    Das-Mathur’96… 

Recently: 
-super-radiant limit ( ω-nΩ<<1) . 
 D=4 Kerr                     Bredberg,Hartman,Song&Strominger 0907.3477 
 D=4,5 multi-charged rotating                                  w/Larsen 0908.1136 



On the other hand for general black hole backgrounds there is 
NO SL(2,R)2 symmetry  

This would seem to doom a CFT interpret. of the general BH’s 

Recent proposal dubbed “hidden conformal symmetry” 
                                                Castro, Maloney &Strominger 1004.0096  

asserts conformal symmetry suggested by  
certain terms of the massless wave equation is there, 
just that it is spontaneously broken…  
pursued by many researchers… 



Program to quantify ``conventional wisdom’’ that general (asymptotically 
flat) black holes  might have microscopic explanation in terms of 2D CFT   
                                                                                                                w/Larsen ‘97-’99  

But such black holes typically specific heat cp < 0  
due to the  coupling between the internal structure 
of the black hole and modes that escape to infinity 

Should focus on the black hole “by itself”  one must necessarily  
enclose the black hole in a box, thus creating an equilibrium system.  

[Must be taken into account in any precise discussion of black 
microscopics.] 

I. Quantified geometry  of a black hole in a box: 
                                                              w/Larsen 1106.3341 & 1112.4856 
II. Identified sources supporting this geometry:  
    -- as a scaling limit of certain  BH’s           
    --as an ``infinite boost’’ Harrison transformation on the original BH           
                                                                                 w/Gibbons 1201.0601 

In this talk a different perspective:  



Summary 

Employing mesoscopic approach to deduce microscopics  from classical  
geometry for general asymptotically Minkowski black holes in D=5 [& D=4] 
                                                                    w/Larsen 1106.3341,1212.4856 
Main technical results: 
I. Construct the explicit  geometry   
 whose wave equation exhibits  SL(2,R)2 symmetry 
[geometrical counterpart to the omission of terms violating SL(2,R)2 in the 
wave equation.] 
 “subtracted geometry’’  by ONLY  removing certain terms in an 
overall warp factor of the original metric 

 physical interpretation – enclosure of the ``black hole in a box’’  
 (subtracted asymptotic Minkowski space-time)  
 asymptotic metric of Lifshitz-type  (time & radial coordinate scale differently) 

 Properties of subtraction: 
-  preserves conformal invariance & consistent with separation of variables 
-  same thermodynamic potentials and entropy as the full geometry! 



II. Further Geometric/Microscopic Interpretation: 

      lifting  the subtracted geometry  from D=5  to D=6   
   locally AdS3x S3 geometry, w/global identification  
      S3 fibered over BTZ black hole 

  SL(2,R)2 conformal symmetry promoted to Virasoro by     
      standard techniques  of AdS3/CFT2  à la Brown-Henneaux 
  quantitative match of microscopic entropy 

III. ``Deconstruction’’ of Subtracted Geometry:  
                                                                   w/Gibbons 1201.06018  
   Complete solution with sources  for subtracted solution 
    -- as a scaling limit of another black hole    
       (reminiscent of ``dilute gas’’ approximation)  
    -- also as an infinite boost Harrison transf. on original black hole 
 Comments on geometry  SL(2,R)2/Z2 x SO(4)   
     [Analogous analysis carried out for general D=4  BH’s.too] 



For the case study choose: most general black holes of  D=5  
N=4 (or N=8)  un-gauged supergravity, actually its generating solution 

     Gravity with two scalar fields &  three U(1)-gauge fields 
[special case: when  U(1) gauge fields identified Maxwell-Einstein Theory in D=5] 

N=4  (N=8) supersymmetric ungauged  SG in D=5  can be obtained  
as a toroidal reduction of  Heterotic String  (Type IIA String)   
on T(10-D)  (D=5). Former D=5, N=4 SG, w/ global symmetry O(5,21) xO(1,1). 
The relevant subsector for generating solutions can also be viewed   
as D=5 N=2 SG coupled to three vector  super-multiplets: 



Such  three charge rotating solutions were obtained by employing solution  
generating techniques                                 c.f., Ehlers,… Gibbons,  Sen  

a)  Reduce  D=5 stationary solution- 
    Kerr BH (with mass m  and two angular momenta l1 and l2)  
    to  D=3   on t and one angular direction 

b) D=3 Largrangian has O(3,3) symmetry 

c) Acting  with  an O(1, 1)3 subgroup of O(3, 3) transformations  on t 
   the dimensionally  reduced solution   to generate   
   generate new solutions with three parameters  δi          

d) Upon  lifting back to D = 5,   arrive at  spinning  solutions  
    with two angular momenta & three charges  parameterised by the  
    three  δi 

w/Youm hep-th/9603100 
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Note, this transformation can also be determined as an analytic continuation of transformations
given in Section 2 of [19]. A Harrison transformation in the limit of an infinite boost corresponds
to � ! 1 5. In the case of ↵ = 1p

3
, we shall act with (33) on the Schwarzschild solution with
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i.e., this is the static subtracted geometry of Subsection 2.1, with ⇧c = 1, ⇧s = 0.
The subtracted geometry for the Kerr spacetime can be obtained by reducing the spacetime

on the time-like Killing vector and acting on the Kerr black hole with an infinite boost Harrison
transformation for Lagrangian density (1), where we set �1 = �2 = �3 ⌘ �, '1 = '2 = '3 ⌘
2p
3
�, ⇤F1 = F2 = ⇤F1 ⌘

q
2
3F and F2 =

p
2F , i.e. an Einstein-Dilaton-Axion gravity with

two U(1) gauge fields and respective dilaton couplings ↵1 = 1p
3
and ↵2 =

p
3. The subtracted

geometry of the multi-charged rotating black holes is expected to arise as a specific Harrison
transformation on a rotating charged black solution of (1). We defer technical aspects of these
calculations to follow-up work.

3 Asymptotically Conical Metrics

3.1 Lifshitz Scaling

The scaling limit, or equivalently the subtraction process, alters the environment that our black
holes find themselves in [12, 13]. In fact the asymptotic metrics take the form

ds2 =
� R

R0

�2p
dt2 +B2dR2 +R2

�
d✓2 + sin2 ✓2d�2)

�
(38)

with B and R0 constants. In our case B = 4 and p = 3. In general metrics with asymptotic form
(37) may be referred as Asymptotically Conical (AC). The spatial metric is conical because the
radial distance BR is a non-trivial multiple of the area distance R. Restricted to the equatorial
plane the spatial metric is that of a flat two-dimensional cone

ds2equ = B2dR2 +R2d�2 (39)

5One may verify that (33) with b ! 1 in the Einstein-Maxwell gravity (↵ = 0) takes the Schwarzschild metric
to the Robinson-Bertotti one. This type of transformation was employed recently in [21]. For another work,
relating the Schwarzschild geometry to AdS2 ⇥ S

2, see [22].
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D=5 Kerr Solution: 

m-mass;  l12=two angular momenta 

Myers&Perry'86 



Metric: 



Scalar  and gauge fields: 



Solution specified by three charges, mass, two angular momenta: 

Special cases:   all  δI equal                                  Reissner-Nordström BH in D=5 

                          m0   δi ∞  w/ Qi finite             Supersymmetric (BPS) limit 

                                                                               Extreme -Kerr limit 



 We shall employ a bit more compact form w/ a warp factor Δo   
 (as  U(1) fibration over 4d base): w/Chong,Lü&Pope: hep-th/06006213 

Metric: 

Two Horizons (X=0) 

Ergosphere G=0 

6 Appendix: Scaling limit for Five-Dimensional Black Holes

In this section, identify the full subtracted geometry of the general rotating black holes in five-
dimensional U(1)3 ungauged N = 2 supergravity.

The bosonic sector of the relevant N = 2 five-dimensional theory can be derived from the
Lagrangian density:
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We write the 5D metric of the general rotating black hole 8 as a fibration over a 4D base
space [35]9
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8
This three-charge rotating black hole is a generating solution for the most general charged rotating black hole

of maximally supersymmetric give-dimensional N = 4 and N = 8 supergravity theory, which is can be obtained as

a toroidal compactification on an e↵ective heterotic string theory and Type IIA superstring theory, respectively.

The most general charged rotating black hole can be obtained by acting on the generating solution with a subset

of respective {S, T}- and U - duality transformations.

9
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Sources: 

 two scalars:    

 three gauge potentials: 

A2,A3 via cyclic permutations 

i=1,2,3  w/ X1X2X3=1 



Suggestive of weakly interacting 2-dim CFT  
w/ ``left-’’ & ``right-moving’’ excitations   [noted  already w/Youm’96] 

Thermodynamics -  

Two angular velocities: 

Shown recently, all independent of the warp factor Δo ! w/ Larsen’11 



Subtracted geometry obtained by changing warp factor  Δo        Δ 
such that the scalar wave eq. preserves precise SL(2,R)2 

 

Wave eq. written for a metric with an implicit warp factor Δ: 

η(x) ζ(y)  

S3  Laplacian eigenvalues 

Adjust Δ to cancel   SL(2,R)2 restored! 



Remarks:  

Subtracted geometry does not satisfy  Einstein’s equation 
with original sources   

Subtraction that results in exact conformal symmetry   $

black hole in a box, which has to be supported by  additional sources  
(return  to them later)  

 Asymptotic geometry of a Lifshitz-type  w/ a deficit angle                                     

 black hole  in  an `` asymptotically conical box’’ (w/ deficit angle)  

 the box is confining (``softer’’ than  AdS)  



Lift to  auxiliary 6-dimensions:  

Massless 6D fields independent of α  satisfy precisely the same wave 
equation as massless 5D fields. 
                 $



Geometry factorizes:  locally AdS3 x S3, 

                                   globally S3 fibered over BTZ black hole 

w/ geometry  [SL(2,R)  X SL(2,R)]/Z2 x SO(4)  

conformal   symmetry of AdS3 can be promoted to Virasoro  algebra 
&   (standard) microscopic calculation  (via AdS3/CFT2) w/Cardy formula 
                                                                                                      à la Brown-Hennaux 

w/ central charge  ,                and conformal weights  

guarantees identification of statistical and BH entropy  

[long spinning string interpretation] 



Sources supporting subtracted geometry are obtained as a scaling limit 
of a black-hole w/ two large charges (denoted w/ ``tilde’’ variables and 
two equal infinite  boosts                   & one      finite  
(formally two-charges  ∞,  one  0):   

 Fully determined sources:   Scalars: 

``Untilded’’ variables are those of the subtracted geometry metric  
w/ three charges δ1,δ,2δ3, and subtracted warp factor 

Gauge potentials:  

w/Gibbons 1201.0601 

Note that the solution is parameterized by the bare mass m, two rotating parameters a, b and
three charge parameters �i (i = 1, 2, 3).

The subtracted geometry for these backgrounds is obtained by taking the scaling limit of the
solution where we shall denote all the variables with “tilde“ and without loss of generality taking
large two charge parameters equal: �̃1 = �̃2 ⌘ �̃. The coordinates and the parameters scale with
✏ ! 0 as:
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The subtracted geometry metric has the same form (73) as the general black hole solution
except for the subtracted warp factor:
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This geometry is sourced by the scalar fields:
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and the gauge potentials:
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Note that we have chosen a gauge where we have rescaled the scalars and the field strengths by
appropriate factors of ✏ and ⇧2

c � ⇧2
s. The solution is of co-homogeneity two, with gauge field

strengths having both electric and magnetic components.
The scaling limit, reminiscent of the dilute gas approximation, extracts the subtracted ge-

ometry of the five-dimensional black hole which is a Kaluza-Klein coset of AdS3 ⇥ S3 exhibiting
conformal invariance. It is a solution of the six-dimensional Lagrangian (1) with F 3 correspond-
ing to the Kaluza-Klein field strength. The scaling limit also signifies that the geometry is
supersymmetric.
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m̃ = m✏, ã2 = a2✏, b̃2 = b2✏,

2m̃ sinh2 �̃ ⌘ Q = 2m✏�1/2(⇧2
c �⇧2

s)
1/2, sinh2 �̃3 =

⇧2
s

⇧2
c �⇧2

s

(79)

The subtracted geometry metric has the same form (73) as the general black hole solution
except for the subtracted warp factor:

�0 ! � = (2m)2(x+ y)(⇧2
c �⇧2

s) + (2m)3⇧2
s . (80)

This geometry is sourced by the scalar fields:

X1 = X2 = X
� 1

2
3 =

�
1
3

2m
, (81)

and the gauge potentials:

A1 = A2 = �x+ y

2m
dt+ y⇧c d� � y⇧s d� ,

A3 =
(2m)4⇧s⇧c

(⇧2
c �⇧2

s)�
dt+

⇧s

�
[ab d�+ (y � a2 � b2)d�] +

⇧c

�
(ab d� � y d�) . (82)

Note that we have chosen a gauge where we have rescaled the scalars and the field strengths by
appropriate factors of ✏ and ⇧2

c � ⇧2
s. The solution is of co-homogeneity two, with gauge field

strengths having both electric and magnetic components.
The scaling limit, reminiscent of the dilute gas approximation, extracts the subtracted ge-

ometry of the five-dimensional black hole which is a Kaluza-Klein coset of AdS3 ⇥ S3 exhibiting
conformal invariance. It is a solution of the six-dimensional Lagrangian (1) with F 3 correspond-
ing to the Kaluza-Klein field strength. The scaling limit also signifies that the geometry is
supersymmetric.

20

Note that the solution is parameterized by the bare mass m, two rotating parameters a, b and
three charge parameters �i (i = 1, 2, 3).

The subtracted geometry for these backgrounds is obtained by taking the scaling limit of the
solution where we shall denote all the variables with “tilde“ and without loss of generality taking
large two charge parameters equal: �̃1 = �̃2 ⌘ �̃. The coordinates and the parameters scale with
✏ ! 0 as:
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The subtracted geometry metric has the same form (82) as the general black hole solution
except for the subtracted warp factor:
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Note that we have chosen a gauge where we have rescaled the scalars and the field strengths by
appropriate factors of ✏ and ⇧2

c � ⇧2
s. The solution is of co-homogeneity two, with gauge field

strengths having both electric and magnetic components.
The scaling limit, reminiscent of the dilute gas approximation, extracts the subtracted ge-

ometry of the five-dimensional black hole which is a Kaluza-Klein coset of AdS3 ⇥ S3 exhibiting
conformal invariance. It is a solution of the six-dimensional Lagrangian (1) with F 3 correspond-
ing to the Kaluza-Klein field strength. The scaling limit also signifies that the geometry is
supersymmetric.
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Comments:  

a) Scaling limit (resulting in subtracted geometry) is    
     reminiscent of near-BPS limit (``dilute gas’’), but  with  
     two (equal)  charges    ∞   &  third one  0   

b) Infinite charges can be gauged away (by rescaling the scalars). 
     However, the asymptotic metric is of Lifshitz type   
    (``softer’’ than  AdS) 

c) In retrospect the lift  to D=6 as AdS3 x S3  expected (due to 
    BPS-like nature of the  scaling limit) 

d)  Subtracted geometry was also be obtained as an infinite boost  
Harrison transformation on the original solution, i.e.  

      SO(1,1) transformations: 

      acting on the original solution reduced on a time-like Killing vector. 

     [Explicitly shown for a D=4 Schwarzschild BH solution  w/Gibbons 1201.0601; conjecture  
      that it works for general D=4 multi-charged BH’s confirmed by Virmani 1203.5088] 

It is straightforward to show that a Harrison transformation:

H =

✓
1 0
� 1

◆
, (34)

corresponds to:

y0 = y , e
p
1+↵2x0

= ⇤�1e
p
1+↵2x ,

 0 = ⇤�1[ +
�p

1 + ↵2
(e2

p
1+↵2x � (1 + ↵2) 2)] ; ⇤ = (� + 1)2 � �2e2

p
1+↵2x . (35)

Note, this transformation can also be determined as an analytic continuation of transformations
given in Section 2 of [20]. A Harrison transformation in the limit of an infinite boost corresponds
to � ! 1. One may verify that (34) with � ! 1 in the Einstein-Maxwell gravity (↵ = 0) takes the
Schwarzschild metric to the Robinson-Bertotti one. This type of transformation was employed
recently in [22]. For another work, relating the Schwarzschild geometry to AdS2 ⇥ S2, see [23].

In the case of ↵ = 1p
3
, we shall act with (34) on the Schwarzschild solution with e2U = 1� 2m

r ,

� = 0,  = 0. The transformation (35) with � = 1 results in ⇤ = 2m
r , and the metric (6) with

the subtracted geometry warp factor:

�s0 = r4 ! �s = (2m)3r , (36)

and the scalar field and the electric field strength :

e�
2�p
3 =

r
2m

r
,

r
2

3
Ft r =

1

2m
, (37)

i.e., this is the static subtracted geometry of Subsection 2.1, with ⇧c = 1, ⇧s = 0.
The subtracted geometry for the Kerr spacetime can be obtained by reducing the spacetime

on the time-like Killing vector and acting on the Kerr black hole with an infinite boost Harrison
transformation for Lagrangian density (1), where we set �1 = �2 = �3 ⌘ �, '1 = '2 = '3 ⌘
2p
3
�, ⇤F1 = F2 = ⇤F1 ⌘

q
2
3F and F2 =

p
2F , i.e. an Einstein-Dilaton-Axion gravity with

two U(1) gauge fields and respective dilaton couplings ↵1 = 1p
3
and ↵2 =

p
3. The subtracted

geometry of the multi-charged rotating black holes is expected to arise as a specific Harrison
transformation on a rotating charged black solution of (1). This has recently been confirmed
[14].

These results demonstrate that the subtracted geometry is a solution of the same theory as
the original black hole. Furthermore the original black hole and the subtracted geometry clearly
lie in the same duality orbit, specified above and passing through the original black hole. Thus
any physical property of the original black hole solution which is invariant under the duality
transformation of M-theory remains the property of the subtracted geometry. For example the
area of the horizon is unchanged.

3 Asymptotically Conical Metrics

The scaling limit, or equivalently the subtraction process, alters the environment that our black
holes find themselves in [12, 13]. In fact the subtracted geometry metric is asymptotically of the
form

ds2 = �
� R

R0

�2p
dt2 +B2dR2 +R2

�
d✓2 + sin2 ✓2d�2)

�
(38)
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order to demonstrate the procedure we shall present the details for the Schwarzschild black hole,
only. In this case it is su�cient to employ the Einstein-Dilaton-Maxwell Lagrangian density,
with the dilation coupling ↵ = 1p

3
, which is a consistent truncation of the Lagrangian density

(1) with �i = 0, 'i = '2 = '3 ⌘ � 2p
3
�, ⇤F1 = F2 = ⇤F1 ⌘

q
2
3F and F2 = 0. [Of course for

the multi-charged rotating black holes one has to employ the full N=2 supergravity Lagrangian
density (1).]

We begin by considering static solutions to general Einstein-Dilaton-Maxwell equations with
the general dilation coupling ↵. The Lagrangian density is 4.:

p
�g

⇣1
4
R� 1

2
(@�)2 � 1

4
e�2↵�F 2

�
. (24)

Making the Ansatz
ds2 = �e2Udt2 + e�2U�ijdx

idxj , Fi0 = @i (25)

we obtain an e↵ective action density in three dimensions of the form

p
�
⇣
R(�ij)� 2�ij

⇣
@iU@jU + @i�@j�� e�2Ue�2↵�@i @j 

⌘⌘
(26)

Defining

x ⌘ U + ↵�p
1 + ↵2

, y ⌘ �↵U + �p
1 + ↵2

, (27)

the e↵ective action density becomes

p
�
⇣
R(�ij)� 2�ij

⇣
@ix@jx+ @iy@jy � e�2

p
1+↵2x@i @j 

⌘⌘
. (28)

Evidently we can consistently set y = 0 and we obtain a sigma model, whose fields x, map
into the target SL(2,R)/SO(1, 1), coupled to three dimensional Einstein gravity. The non-trivial
action of an SO(1, 1) subgroup of SL(2,R) is called a Harrison transformation.

More concretely, and following [19] but making some changes necessitated by considering a
reduction on time-like, rather than a space-like Killing vector we define a matrix (See also, e.g.,
[20] and references therein.):

P = e�
p
1+↵2(x+y)

✓
e2

p
1+↵2x � (1 + ↵2) 2 �

p
1 + ↵2 

�
p
1 + ↵2 �1

◆
, (29)

so that
P = PT , detP = �e�2

p
1+↵2y . (30)

Taking H 2 SO(1, 1) which acts on P as

P ! HPHT , (31)

it preserves not only the properties (30) but also the Lagrangian density (28) which can be cast
in the form:

p
�
⇣
R(�ij) +

1

1 + ↵2
�ijTr(@iP@jP

�1)
⌘
. (32)

It is straightforward to show that a Harrison transformation:

H ⇠
✓
1 0
� 1

◆
, (33)

4We choose the units in which 4⇡G = 1. Note that in the Lagrangian density (1) 16⇡G = 1 and the field
strengths di↵er by a factor of

p
2.
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Further Remarks: 

Rotating  Asymptotically Minkowski BH’s in D=4, 
parameterized by mass, angular momentum and (four-)charges 

Subtracted geometry prescription works in D=4 for  general (four-) charge 
rotating black hole!                                                         w/Larsen  1112.4856 

Metric written with a warp factor; termodynamics independent of a warp factor 

Allows for  restoration of  SL(2,R)2 in the wave eq.  

Lift to D=5: locally AdS3 x 4S2; globally S2  fibered over BTZ 

-- quantitative microscopics  again  à la Brown-Henneaux 

Sources could possibly be generated by a solution generated technique, 
i.e.  subtracted geometry possibly obtained from the original by solution  
Generating techniques? 

-- Complete solution with subtracted geometry obtained as a scaling limit 
on a black hole with  three (large) charges,  again reminiscent of near-
BPS (dilute gas)  black hole                                           w/Gibbons  
1201.0601  



Comments on CFT interpretation: 

Much to be understood about details of the underlying 2D CFTs. 

The lift  to AdS3 x4S2 (AdS2xS3) more promising  w/ SL(2,R) x SL(2,R) generators explicit: 

Explicit dependence on additional dimension α. 

In lower dimension the scalar Laplacian:   

w/ 

Due to priodicity of φ,  generators are  not globally defined to be understood better… 



General AdS Black Holes?    

Without cosmological constant, the  product of areas  associated with two horizons   
quantised    indicative of 2D CFT 

 D=4                                                                   Larsen’97(J=0), w/Larsen’97 (J≠0) 

D=5                                                                    generalized to rings & strings  
                                                                                   Castro&Rodriguez 1204.1284  

With cosmological constant (1/g2),  more that two horizons, and yet   the product of 
areas  associated with all (analytically continued)  horizons also quantised dual CFT? 

D=4                                                                              w/Gibbons&Pope 1011.008 (PRL) 

 D=5 

All known D=5 solutions w/cosmological constant written with warp factors  possible  
subtracted geometry that pointing  to underlying (higher dim conformal) symmetry ? 

 FURTHER STUDY                                               

H =

✓
cosh �i sinh �i
sinh �i cosh �i

◆
, (34)

A+A� = 64⇡2(
4Y

i=1

Qi + J2) (35)

A+A� = 64⇡2(
3Y

i=1

Qi + J2
R � J2

L) (36)

4Y

↵=1

A↵ = 64⇡2 1

g4
(

4Y

i=1

Qi + J2) (37)

i
3Y

↵=1

A↵ = 64⇡2 1

g3
(

3Y

i=1

Qi + J2
R � J2

L) (38)

corresponds to:

y0 = y , e
p
1+↵2x0

= ⇤�1e
p
1+↵2x ,

 0 = ⇤�1[ +
�p

1 + ↵2
(e2

p
1+↵2x � (1 + ↵2) 2)] ; ⇤ = (� + 1)2 � �2e2

p
1+↵2x . (39)

Note, this transformation can also be determined as an analytic continuation of transformations
given in Section 2 of [19]. A Harrison transformation in the limit of an infinite boost corresponds
to � ! 1 5. In the case of ↵ = 1p

3
, we shall act with (34) on the Schwarzschild solution with

e2U = 1 � 2m
r , � = 0,  = 0. The transformation (39) with � = 1 results in ⇤ = 2m

r , and the
metric (6) with the subtracted geometry warp factor:

�s0 = r4 ! �s = (2m)3r , (40)

and the scalar field and the electric field strength :

e�
2�p
3 =

r
2m

r
,

r
2

3
Ft r =

1

2m
, (41)

i.e., this is the static subtracted geometry of Subsection 2.1, with ⇧c = 1, ⇧s = 0.
The subtracted geometry for the Kerr spacetime can be obtained by reducing the spacetime

on the time-like Killing vector and acting on the Kerr black hole with an infinite boost Harrison
transformation for Lagrangian density (1), where we set �1 = �2 = �3 ⌘ �, '1 = '2 = '3 ⌘
2p
3
�, ⇤F1 = F2 = ⇤F1 ⌘

q
2
3F and F2 =

p
2F , i.e. an Einstein-Dilaton-Axion gravity with

two U(1) gauge fields and respective dilaton couplings ↵1 = 1p
3
and ↵2 =

p
3. The subtracted

geometry of the multi-charged rotating black holes is expected to arise as a specific Harrison
transformation on a rotating charged black solution of (1). We defer technical aspects of these
calculations to follow-up work.

5One may verify that (34) with b ! 1 in the Einstein-Maxwell gravity (↵ = 0) takes the Schwarzschild metric
to the Robinson-Bertotti one. This type of transformation was employed recently in [21]. For another work,
relating the Schwarzschild geometry to AdS2 ⇥ S

2, see [22].
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