
Reformulation
by perturbation

Particularly for optimized models:

Define:

(dimensionless potential energy difference)

The relative entropy as an indicator of multiscale errors
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A fundamental multiscale method
In order to better comprehend intricate systems which traverse multiple
scales, multiscale methods are often employed in research of soft matter
(biological, polymeric, etc.). These methods attempt to connect detailed
first-principles models with simplified coarse-grained models.

Foremost, CG models have been of great interest for their ability to provide a
lucid picture of the physics underlying multifaceted phenomena;
furthermore, CG models facilitate challenging computational studies.
However, these typically do not reproduce quantitative properties but only
mimic qualitative trends, especially as they are usually linked with FP models
only in an ad hoc manner. To overcome this setback, we present here a
universal framework for multiscale problems. The key concept in this
approach is the relative entropy, an informatic property that can measure any
multiscale procedure.

First-Principles (FP) 
molecular models

Coarse-Grained (CG) 
molecular models

Replication errors
Chaimovich and Shell, PRE 81, 060104 (2010)

For a state property     , 
its replication error:

Legendre-like transform for optimized models:

Connection with the variational approach
Introduce the variational entropy:

Classical scheme ensues:

Connection:

The two methods are identical 
by the Gaussian assumption!

Case study: 2D lattice gas

State behavior of the relative entropy
Chaimovich and Shell, PRE 81, 060104 (2010)
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Statistical error of the relative entropy 

FP model: 
interacts with neighbors 

CG model:
interacts by mean-field

parameter for optimization
(by     of          ,          , etc.)  

sets energetic scale 
for entire analysis

Line: by:

Estimating the relative entropy

Line: by:
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The growth of the relative entropy near the critical point naturally
signals the inadequacy of the mean-field description in that region.
As expected, the relative entropy of our parameterized model is
consistently lower than that of its counterpart.

Symmetry about  
The relative entropy measures fluctuations 

in the dimensionless potential energy difference!

The relative entropy
Shell, JCP 129, 144108 (2008); Chaimovich and Shell, PRE 81, 060104 (2010)

In the canonical ensemble:

probability of a configuration
in a given ensemble

Gaussian assumption for     :

Any parameter     in the CG model 
can be optimized: 

Optimization via the relative entropy
Shell, JCP 129, 144108 (2008); Chaimovich and Shell, PCCP 11, 1901-1915 (2009)

The relative entropy is strictly positive 
with                    as

Optimization scheme ensues:

Particularly for a linear parameter: 

Statistical error 
in reformulation: 

Does the relative entropy hold

an insightful interpretation? 

Usually via an iteration scheme 
(e.g., Newton-Raphson):

Gaussian assumption for     :

While the relative entropy
signals its own statistical
error, this error is way below
the exponential prediction,
hinting that our method is
computationally adequate.
The convergence behavior of
the relative entropy agrees
with this error signaling, as
many samples are required
to fully converge high values
of the relative entropy.

Replication errors
Chaimovich and Shell, PRE 81, 060104 (2010)
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Theory guarantees that the replication error in the occupancy number
vanishes for our parameterized model .
This is not so for the variational approach, whose replication error is signaled
by the relative entropy.

Theory estimates that the relative entropy linearly signals the replication
error in neighbor correlation.
Via this replication error, the relative entropy is able to predict other
deficiencies in the mean-field approach.
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For this case study, an estimate for the relative entropy exists, without
actually performing an optimization procedure.

The estimates of the relative entropy follow the same trends as the
relative entropy itself (qualitatively if not quantitatively).

Rigorous analytic theory:

various replication errors 
are signaled by          ! 

The relative entropy governs replication errors 
via a thermo-like fundamental equation.    

Gaussian assumption for     :

While the CG potential energy can be replicated perfectly well,

there is a bound for the replication of the FP potential energy.

Perhaps, this expression may be used 
as an estimate for the relative entropy:
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