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Outline
• Cells move through tissue in development, wound healing, spread 

of cancer.
• When cells move they deform tissue;  often into the non-linear 

regime. Consider only the ECM.
– Contracting cells produce alignment.
– Motile cells follow alignment (contact guidance).

• First step to study this: a continuum, Landau-de Gennes theory for 
the non-linear elasticity of biopolymer gels.
– Part of the order parameter: induced nematic order. 
– Our idea: non-linear elastic behavior arises from the onset of fiber 

alignment with induced strain. 

• Compare to simulations of a disordered lattice model for 
biopolymers: do homogeneous deformations such as shear and 
extension.

• For cells, consider localized perturbations –a simple model for a 
contracting cell in ECM.



Motivation: ECM alignment guides 
cancer cell invasion in vitro

colonies were plated on fibrous materials such ascollagenous gels,

Harris and Stopak reported the formation of anisotropic and

denser regions connecting these cellular assemblies, and showed

that the matrix structure has a strong influence on cell motility.

Although these observations are well accepted, little is known

about the mechanical response of a fibrous matrix subject to an

internal local strain. Neither of the mechanical characterizations

described previously focus on how deformation changes the

microstructure at the fiber scale, an issue of particular importance

in the large strain regime, that isall too easy to observe (Figure 1).

In this paper, we use collagen type I gels as a model system to

address this question and shed light on the morphological

evolution of both the fiber and the network on an externally

imposed stretching strain; although the expression ‘‘collagen fiber’’

traditionally refers to large bundles of collagen fibrils, we will here use the

words ‘‘fiber’’ and ‘‘fibril’’ interchangeably in this paper to refer to the 0.5

micron diameter bundles. Collagen is a convenient biomaterial for

biomechanical studies for a number of reasons: a) it is readily

available in large amounts, which makes it suitable for milliliter-

size gels; b) invitroreconstituted networkshave fibersthat are easily

identifiable using confocal microscopy; c) many of its properties

have been extensively studied [18,26–30]; d) the large diameter of

the fibers(< 0.5 mm for collagen fibrils [21]) and the stability of the

network [31,32] make it easy to handle and image over a range of

spatial and temporal scales; e) fibrillogenesis is conveniently

controlled in vitro by pH, temperature and concentration [26,28].

We first verified the presence of cell-induced alignments and

densification with our experimental system. Asshown in figure 1A,

an isolated human glioblastoma cell (see Methods) in a collagen

network inducesstress variations and modifies the network texture

Figure 1. Collagen gel morphological changes induced by presence of cells. (A) Single U87 glioblastoma cell in a collagen network 10 hours
after gel polymerization. bar = 50 mm. (B) Several U87 cells on the surface of a collagen gel 10 hours after gel polymerization. bar = 200 mm. (C) Two
cell colonies embedded in a collagen matrix 48 hours after gel polymerization. bar = 200 mm. Fibers (artificial red color) are imaged through confocal
reflectance; cell nuclei (green) are labeled with a GFP-histone heterodimer.
doi:10.1371/journal.pone.0005902.g001
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Cells following alignment
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Cells & alignment

• Cells on the surface of a tumor, or isolated, 
pull on ECM and cause alignment.

• Cells are guided by alignment due to, inter 
alia, other cells.

• We first try to give a tractable theory of 
aligned athermal gels (like collagen-I), then 
put cells in.



ECM is non-linear
• Collagen and most biopolymers, have non-linear elasticity, 

and fibers align at large strains; this leads to strain-stiffening.

• Collagen-I is non-linear above a stress of ~1 Pa.
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Non-linearity (cont.)
Collagen gels
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Not limited to Collagen:



Elasticity and alignment
• Formulate elasticity of collagen (or other ECM 

components) focusing on alignment.

• Introduce a nematic-like tensor order parameter 
Q(r) that describes orientations of the filaments 
in the network.

-The director,    ,gives the direction of the local fibers.

-Define q=Strength of alignment ~ eigenvalue of Q.
In 2d we use 2 x eigenvalue = <cos(2q)>

• ECM is made of biopolymers with a long 
persistence length, intrinsically anisotropic at 
small scales. Simple elastic theory cannot be 
applied. 



Non-linearity from linear elements
• Our explanation for strain-stiffening in collagen-I:

– Small strains the elasticity dominated by the (small) 
bending modulus 
• Different parts of the disordered material turn with respect to one 

another so that the deformation is non-affine. 

– Large strains, the material is aligned, and must stretch.
• The large stretching modulus determines the elastic response; the 

deformation is affine as in ordinary elasticity theory. 

– Plausible guess: transition occurs when q achieves an 
appreciable value. 

• Biopolymers composed of linear elements whose 
macroscopic response is non-linear: the non-linearity 
arises from a “hidden” variable, the alignment. 



Landau-deGennes theory

• Two coupled order parameters: 

– Q(r), local alignment, 

– v, non-linear strain tensor (left Cauchy-Green):

• v and Q transform as tensors in deformed 
space. 

• v•Q is a scalar. 

• We assume isotropy on the average.



A few notions from finite strain theory
• Reference space, r, and target space, R=r+u.

• Basic object, Cauchy deformation tensor:

• Left strain tensor
– Tensor in target space

• Change in volume 
– In linear regime 

• Ref: T. Lubensky, R. Mukhopadhyay, L. Radzihovsky and X. Xing, 
Symmetries and elasticity of nematic gels, Physical Review E 66 (1), 011702 
(2002)



Landau-deGennes free energy
• Our idea: attribute non-linearity to Q, so use a 

linear theory (almost) for v:

– l, m Lame parameters. Tilde on m means ‘bare’ value, 
not renormalized by Q. 

– t coupling parameter; couple to traceless part of v.

– V(Q) potential for Q.

– g(Tr v)3, non-linear kludge, explain later.



Shear-stiffening, linear
• Small shear strain, small Q. 

• Leading term in V:

• Minimizing F for fixed v gives:

– Here the tilde indicates the traceless part of v. 

– Strain induced alignment is a linear response for 
small deformations. 

• Eliminate Q: 

– where                      , shear modulus reduced  by Q.



Shear-stiffening, non-linear
• Non-linear regime: V(Q) is non-linear (for 2d):

• Now AQ + (C/6)Q3 + …= t

• Now the renormalization is smaller, m larger.

• Reason: ‘exhaust’ bending modes.



Test theory on lattice model

Fiber with mean length 1/(1-p) 

cross-links

• Das, MacKintosh, Levine, Physical Review Letters 99, 038101 (2007).

gij =0,1 for bond occupancy, qijk =angle of 3 succesive nodes.



Bending and stretching

Rigidity percolation:
(numerical simulation)
• Critical fluctuations
• Rigid percolating 

cluster is fractal

• Thorpe, J. Non-Cryst. Solids 57, 355 (1983).
• Feng and Sen, PRL 52, 216 (1984).
• Feng and Thorpe, PRB 31, 276 (1985).
• Feng, Sen, Halperin, and Lobb, PRB 30, 5386 

(1984).





Simulations



Fit Landau model to lattice model
• Find parameters 

for the Landau 
theory by fitting 
to stress-strain 
and q-strain 
curves from 
simulations: 
parameters are

• Shear modulus, 
m, bulk modulus, 
K=l+m, t/A from 
linear slopes. 
Rest from non-
linear curves.



Shear, (cont.)
• Alignment works fine

• Non-linear parameter, C, peaks at pc, as we expect.



Hydrostatic &uniaxial strain
• Now Tr v ≠ 0. Uniaxial = Shear + Hydrostatic
• Hydrostatic: no alignment, on the average. So no 

non-linearity?
– For lattice model for p<pc there is still non-linear 

behavior.  

This is why we put in the 
term g(Tr v)3.
Fit for stress-strain is not 
bad.



Uniaxial alignment
• Now apply same parameters to uniaxial strain. 
• Stress-strain is not bad.
• Alignment, q, doesn’t work very well for 

strains > 0.3.



Hydrostatic deformation revisited
• In fact, for p<1, we expect local alignment even 

for hydrostatic deformation, even though <Q>=0.

For the ordered lattice (p=1) stress-strain is linear 
for all strain.
For p<1, especially p<pc, local regions align under 
stress.
For large strain, affine.



Quenched random field
- Represent the effect of missing bonds by introducing a 

random tensor field, h, which couples to Q.

- <h>=0, <h(r)h(s)> = gI δ(r-s) . One new parameter, g.

- Couple to non-linear expression for the volume change:



Random field coupling
• Now we have the same mechanism as before:

– Quenched disorder induces quenched, random Q:
• Q(r) = [Y/A] h(r) -> [Tr(v)/A] h(r).

• K K – gd/2A in the linear regime. 
(Reduced bulk modulus.)

– Non-linear regime, Q is smaller, so the 
renormalization of the Lame parameter is less, 
and we have strain stiffening, even for hydrostatic 
deformations.

• Outside the linear regime we can minimize F
take the disorder average, and find the best 
fit, all without measuring the random Q.



Results of fitting parameters



Same parameters, extension

Reasonable account for bulk strains with a 
few Landau parameters!



Back to cells
• Think of a cell as a localized source of strain, e.g. 

a cavity in the material with a contractile force.
– The simplest way to think of a contractile force is a 

negative pressure.
– Now the problem has spherical symmetry: spherical 

deformation, u(r), and spherical alignment, q(r). 

• Minimize F w.r.t. two functions, u, q.



Coupled ODE’s for localized strain
• Result of minimization:

• Linear regime, far away, easy to show:
u ~ 1/r (classical result); q~ 1/r2

• Non-linear regime: numerically solve the 
equations.



Results for localized strain



Summary
• We have a theory which accounts for non-

linear elasticity as a result of alignment.

• Good results for shear.

• Extension and hydrostatic deformations 
require a random field, h, and a random Q.

• Cell deformation under control.

• Possible equation of motion for cells based on 
symmetry: Do= effective diffusion coefficient:


